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A new explicit solution representation is provided for ARMA recursions with drift
and either deterministically or stochastically varying coefficients. It is expressed
in terms of the determinants of banded Hessenberg matrices and, as such, is an
explicit function of the coefficients. In addition to computational efficiency, the
proposed solution provides a more explicit analysis of the fundamental properties
of such processes, including their Wold—-Cramér decomposition, their covariance
structure, and their asymptotic stability and efficiency. Explicit formulae for optimal
linear forecasts based either on finite or infinite sequences of past observations
are provided. The practical significance of the theoretical results in this work is
illustrated with an application to U.S. inflation data. The main finding is that infla-
tion persistence increased after 1976, whereas from 1986 onward, the persistence
declines and stabilizes to even lower levels than the pre-1976 period.
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1. INTRODUCTION

Modeling time series processes with variable coefficients has received consid-
erable attention in recent years in the wake of several financial crises and high
volatility due to frequent abrupt changes in the market. Justification for the
use of such structures in econometric modeling can be found in Cavaliere and
Taylor (2005), Cavaliere and Georgiev (2008), Giraitis et al. (2014), Harvey et al.
(2018), and Chambers and Taylor (2020). Models with time-varying coefficients
(hereafter time-varying models) are extensively applied by practitioners, and their
importance is widely recognized (see, e.g., Petrova, 2019). Crucial advances in
both the theory and the empirics for these structures are the works by Whittle
(1965), Abdrabbo and Priestley (1967), Rao (1970), Hallin (1979, 1986), Singh
and Peiris (1987), Kowalski and Szynal (1991), and Grillenzoni (1993, 2000).

This paper provides a general framework for the study of nonstationary autore-
gressive moving average models with time-varying coefficients and drift as well
as heteroscedastic errors (hereafter TV-ARMA; see eq. (1)). It comprises explicit
solution representations along with analogous representations for the fundamental
properties of these models, whereas the scope of the useful tool of characteristic
polynomial representations is diminished when variable coefficients are present
(see, for details, Hallin, 1986, and Grillenzoni, 1990). There are two large classes
of stochastic models: the ones with deterministically and those with stochastically
varying coefficients. Both have been widely applied in many fields of research,
such as economics, finance, and engineering, but traditionally they have been
examined separately. The new framework unifies the study of these models, as
the title of the paper suggests.

For the standard ARMA(p, g) models with constant parameters, it is well known
that the coefficients in the Wold representation can be expressed either in terms of
the roots of the autoregressive (AR) polynomial or, equivalently, as determinants
of banded Toeplitz—Hessenberg matrices' in which the elements of each nonzero
diagonal are the constant AR coefficients (see the matrix in eq. (8)).> In the
case of time-varying models, the coefficients in a generalization of the Wold
decomposition, referred to as the Wold—Cramér decomposition,” can be expressed
in terms of domain restrictions of the so-called one-sided Green function (see
Supplementary Appendix E2), referred to in the rest of the paper simply as the
Greenﬁmction.4 Following Miller (1968), in a series of papers, Hallin (1979, 1984,

n the open literature, the Hessenbergian attribute of such matrices does not usually appear.

2Toeplitz matrices are square matrices in which all elements along a diagonal have the same value. They are banded
because above the superdiagonal and below the pth subdiagonal the elements of the matrix are zero. Moreover, the
elements of the superdiagonal are (—1)s.

3Cramér’s generalization to the Wold decomposition is also referred to as the Wold—Cramér representation.

4A detailed account of the one-sided Green function and its restriction is presented in Paraskevopoulos and Karanasos,
2021. For a discussion on the alternative wording regarding the “Green function” or “Green’s function,” see Wright
(2006).
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1986), Singh and Peiris (1987), and Kowalski and Szynal (1991) employ the Green
function to describe the fundamental properties of models with deterministically
varying coefficients and zero mean. However, the lack of an explicit representation
of the Green function led to recursive methods for its computation (see also
Grillenzoni, 2000; Azrak and Mélard, 2006).

The standard banded Toeplitz matrix formulation of ARMA models with
constant coefficients is replaced here by banded Hessenberg matrices and their
determinants (called banded Hessenbergians) will play a key role in the new
closed-form solutions provided by this paper (see, for comparison, eqgs. (4) and
(8); for details on Hessenbergians and their properties, see, e.g., the book of
Vein and Dale, 1999 and the references cited therein). More specifically, a
banded Hessenberg matrix in which the nonzero diagonals are occupied by the
time-varying AR coefficients, evaluated at consecutive time instances, is called
principal matrix (see eq. (4)). Its determinant is called principal determinant.
This is a fundamental solution of the difference equation associated with a TV-
ARMA model, as highlighted by the title phrase “one solution fits all,” which
explicitly represents the abovementioned domain restriction of the Green function
(see Paraskevopoulos and Karanasos, 2021). A method that constructs the principal
determinant is grounded on prior research established by Paraskevopoulos (2012,
2014). This method applied to infinite systems associated with linear difference
equations and the linear computational complexity of banded Hessenbergians are
discussed in Supplementary Appendix F1.

The main contribution of this work is a novel explicit solution representation of
time-varying process recursion in terms of the principal determinant (see eq. (16)).
This is a fruitful result of using Hessenberg matrix determinant properties. To the
best of our knowledge, no prior studies have established fully explicit solution
representations of TV-ARMA models and of their fundamental properties due to
the lack of analogous representations of the Green function. Some consequences
are discussed in what follows.

Under an absolute summability assumption of the principal determinant func-
tion (condition (17)), our new representation of the solution yields a variety of
important results summarized below. Condition (17) along with the boundedness
of the drift and of the moving average (MA) coefficients guarantee the existence
of a unique asymptotically stable second order solution process, that is, the
Wold—Cramér decomposition of the model in L, (see Theorem 2). This result is
generalized by Theorem 3 showing the existence and uniqueness of second-order
solution processes without invoking the boundedness of the drift, but provided that
a p-dimensional nonzero first moment vector has been estimated by the time series
data. In both formulations, the demeaned processes (purely nondeterministic) have
the same Wold—Cramér representation.

Explicit forms for the first two unconditional moments along with sufficient
and necessary conditions for their existence are obtained in Propositions 2 and 3.
Singh and Peiris (1987), Kowalski and Szynal (1991), and Grillenzoni (2000)
provided regularity conditions ensuring that various mean-zero processes with
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deterministically varying coefficients are second-order.’ Replacing the Green
function involved in the formulas established in the above cited references with
the principal determinant, these formulas turn into fully explicit expressions. A
potential application of the Wold—Cramér decomposition to asymptotic theory,
based on a decomposable Bernoulli shift, is discussed in Remark | of Section 4.1.

The solution representations of the model obtained in Theorems 1-3 yield
explicit optimal linear predictor formulas along with analogous forecasting and
associated mean square errors, when either infinite or finite sequences of data
are observed (see Section 5). The invertibility of a second-order solution process
is guaranteed by the absolute summability condition, which is also explicitly
expressed by a banded Hessenbergian, but now its entries are occupied by the
MA coefficients of the model (see eq. (G.2) in Supplementary Appendix G1). We
illustrate formally one of the focal points in Hallin’s (1986) analysis concerning the
asymptotic efficiency of such models. Namely, that in a time-varying setting, two
forecasts with identical forecasting horizons, but at different times, yield different
mean squared errors.

Various processes with stochastically varying coefficients are treated within our
unified framework in Section 6. Another goal of this work is to show that, in
the case of AR models with random coefficients, when the principal determinant
function converges to zero almost surely, then the process converges in distribution
(see Theorem 4). Furthermore, the double stochastic autoregressive model is also
employed to formulate some of its fundamental properties.

The paper concludes with an empirical application to inflation persistence in the
United States over the time period from the last quarter of 1963 up to the beginning
of 2018 (see Section 7), which employs a time-varying model of inflation dynamics
grounded in statistical theory. In particular, we estimate an AR process with abrupt
structural breaks and we compute an alternative measure of second-order time-
dependent persistence, which distinguishes between changes in the dynamics of
inflation and its volatility as well as their persistence. Our main conclusion is
that persistence increased after 1976, whereas from 1986 onward, it declines and
stabilizes to even lower levels than the pre-1976 period. Our results are in line with
those in Cogley and Sargent (2002), who find that the persistence of inflation in
the United States rose in the 1970s and remained high during this decade, before
starting a gradual decline from the 1980s until the early 2000s.

The outline of the paper is as follows. Section 2 introduces the notation
and the main assumptions used throughout the paper, followed by the principal
determinant. The next section presents the explicit representation for an extensive
family of time-varying ARMA models, based on the general solution of the
associated linear difference equation. Section 4 presents explicit formulas for the
second-order properties of the model, including the Wold—Cramér decomposition,
the first two unconditional moments and the autocovariance function. In the next
section, explicit optimal linear forecasts are established. Section 6 is concerned

SThat is, although they are nonstationary, their second moments exist being finite and time-varying.
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with AR models in which the coefficients are stochastically varying. The next
section presents an empirical study for inflation persistence. The final section of
the paper contains some concluding remarks and future work.

Throughout the paper, the proofs of the statements, formulated in the main
body, are included in the Appendices and a few of them are deferred to the
Supplementary Material.

2. TIME-VARYING ARMA

The main notation and assumptions associated with TV-ARMA processes are
presented in Section 2.1. In Section 2.2, the principal determinant is introduced.

2.1. The Model

Throughout the paper, we adopt the following notation: Z will stand for the set of
integers and Z, for its subset defined by Z, = {z € Z : z > a} for a € Z. The set of
real numbers (resp. positive and nonnegative real numbers) is denoted by R (resp.
R. ¢ and R>). Moreover, (€2, F, P) stands for a probability space and L, (2, F, P)
(in short L) stands for the Hilbert space of real random variables with finite first
two moments.

Let p € Z; and g € Z;. A TV-ARMA(p, q) model is a stochastic process {y;}
satisfying, for each ¢ € Z,

P

V=004 but)yim + ¢V

m=1

with moving average term u, given by

q
u =g+ Zgl(t)gz—l,

=1

where ¢(1), ¢, (1), and 6;(¢) are deterministic (real-valued functions) or stochastic
with ¢,(1)8,(?) # 0 for all ¢ € Z, {¢;} is a mean-zero random process (EE(g;) =0
for all ¢) such that E(e;e;) = 0 for s # ¢ (uncorrelatedness condition) with time-
varying variance E(¢?) = o%(#) such that 0 < 02(f) < M < oo for all 7. The above
conditions ensure that &, € L, and ¢, &; are orthogonal, whenever s # t.

A solution {y;} to the recursive process (1) requires p initial condition val-
ues. These are considered as realizations of the prescribed random variables
Ys+1—ps - Ys fOr any s < t, which are taken from the time series data in the recent
or remote past. An explicit representation of y; is expressed directly in terms of
Ys+1—p, - Ys fOr any s < ¢, as established in eq. (16).

If the AR coefficients, ¢,,(f), the MA coefficients, 6,(¢), and the drift, ¢(z),
are deterministic (resp. stochastic), we shall refer to eq. (1) as DTV-ARMA
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(resp. STV-ARMA: Further assumptions for these processes are considered in
Section 6).°
The forcing term vy, is assigned to be the time-varying drift plus the MA term:

def
v = o) +uy 2
The associated linear difference equation of eq. (1) (briefly TV-LDEs(p)) is defined
by
P
Y = Z¢m(t)yt—m + vy, forall r € Z. (3)
m=1

The general solution of eq. (3) is decomposed into two parts: the general homoge-
neous solution (see eq. (10)) plus the particular solution (see eq. (12)).

In this work, both assumptions of stationarity and homoscedasticity have been
relaxed (see also, among others, Singh and Peiris, 1987; Kowalski and Szynal,
1991; Azrak and Mélard, 2006), which is likely to be violated in practice and
we allow {¢;} to follow, for example, a stochastic volatility or a time-varying
GARCH type of process (see, e.g., Karanasos et al., 2014b; Canepa et al., 2022)
or we allow for abrupt structural breaks in the variance of &, (see Section 7). In
the available open literature, the theoretical properties of time-varying processes
are demonstrated within the framework of mean-zero processes. In this study, the
presence of a nonzero drift is essential to ensure the existence of nonzero time-
varying first-order moments.

The general model nests both the AR one as a special case when ¢ = 0 and the
specification in which the drift, the AR and MA coefficients, and the variances
are all constants, adopting the conventional identifications for this purpose: ¢ (f) =
@, Gn(t) = @, 6;(1) = 0,,0%(t) = o? for all ¢.

The relation between the process under consideration and its innovations is
essentially described by the Wold—Cramér decomposition (see Section 4.1), which
is the main analytical tool for studying the asymptotic efficiency of the model
(see Karanasos et al., 2020). In this case, the latest time point of the observable
random variables, denoted here by s, moves to the remote past (s — —o0), while
the forecast time point, denoted here by ¢, is kept fixed.’

The product of companion matrices is commonly used (see, e.g, Kowalski and
Szynal, 1991) to derive the Green function associated with eq. (1), but without
providing an explicit form for the entries of the matrix product. Paraskevopoulos
and Karanasos (2021) capitalized on the connection between the product of

Notice that in our setting, the time-varying coefficients can depend on the length of the series as well, as in Azrak
and Mélard (2006); see also Examples D.2 and D.3 in Supplementary Appendix D1.

TThe forward asymptotic efficiency of the model (so-called by Hallin, 1986; Granger-Andersen) is strongly related to
the forecasting problem. It directs attention to the asymptotic properties of the mean square forecasting error (MSE
for short), as the time ¢ moves to the far future, while s is kept fixed. Due to space considerations, results on the
forward asymptotic efficiency of TV-ARMA(p, g) models are not presented here, but are available in Karanasos et al.
(2020, Sect. 6.3).

https://doi.org/10.1017/50266466624000306 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466624000306

UNIFIED THEORY FOR ARMA MODELS 7

companion matrices and time-varying stochastic difference equations but in the
opposite direction. That is, they went the other way around, and by finding an
explicit and compact representation of the fundamental solutions associated with
TV-ARMA models, they obtained an analogous representation for the elements
of the associated companion matrix product. Some consequences are presented in
Supplementary Appendix F3 of this paper.

2.2. The Principal Determinant

To distinguish scalars from vectors, we adopt lower and uppercase boldface
symbols within square brackets for column vectors and matrices, respectively:
x = [x;], X = [x;]. Row vectors are indicated within round brackets and usually
appear as transpositions of column vectors: x' = (x;). For every pair (t,5) € Z? such
that s < ¢, the principal matrix associated with eq. (1) is defined by

o ¢is+1) -1 b

$2(s+2) ¢1(s+2)

o, L Gp+p)  GpiGs+p)

dp(s+p+1)

Hp—=1  Gpt=1 - gt-1 -1
L (1) $2(0) é1(1)
4)
Here and in what follows, empty spaces in a matrix have to be replaced by zeros.
P, ; is a lower Hessenberg matrix of order k = ¢ —s. It is also a banded matrix
with total bandwidth p+ 1 (the number of its nonzero diagonals, i.e., the diagonals
whose elements are not all identically zero), upper bandwidth 1 (the number of its
nonzero superdiagonals), and lower bandwidth p — 1 (the number of its nonzero
subdiagonals). In particular, the elements of @, ; are: (—1) occupying the entries
of the superdiagonal, the values of the first AR coefficient ¢ (-) (from time s+ 1 to
time ), occupying the entries of the main diagonal, the values of the (r+ 1)th AR
coefficient ¢, (-) forr=1,2,...,p — 1 (from time s+ 1 4 r to time #), occupying
the entries of the rth subdiagonal, and zero entries elsewhere. If the order k of @, ;
is less than or equal to p, that is, k < p, then ®, ; is a full lower Hessenberg matrix.
For every pair (t,s) € Z> with s < t, the principal determinant associated with
eq. (4) is defined by

£(t,5) = det(®, ). ®)
Formally £(¢,5) is a banded Hessenbergian (determinant of a lower Hessenberg

matrix; for recent developments on Hessenbergians, see Jeerawat and Daowsud,
2022 and the references cited therein).
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We further extend the definition of £(z,5) on the entire Z* by assigning the
additional values:

def{ 1, if t=s,

§(t.s) = 0, if t<s. (©)

Eq. (6) indicates the initial conditions located before and including the time point s.
The difference k = ¢t — s € Z, stands for the forecasting horizon. In Proposition A3
(see Appendix A.2), it is shown that £(¢,s) is the solution of the homogeneous
linear difference equation associated with eq. (3), that is,

p

Y=Y n®Yim )

m=1

taking on the initial values y;1—, = 0,...,y,—1 = 0,y, = 1. As the initial value
problem solution is unique, & (¢, ¥) must coincide with the Green function restriction
fort € Zyy1—p and s < r <t—14p (see Supplementary Appendix E2). Moreover,
&(t,r) is the first fundamental solution (see Section 3.1), which determines all the
others (see eq. (9)).

Example 1. The AR polynomial ®(B) =1—3 " _, ¢,,B™ associated with eq.
(7), whenever ¢,,(f) = ¢, (constant AR coefficients), is explicitly expressed in
terms of the characteristic values as ®(B) = 5:1:1 (1 = A,,B). In this case, the
banded Hessenbergian £(¢,s) turns into a banded Toeplitz—Hessenberg matrix
determinant (for details on Toeplitz matrices, see, e.g., the book by Gray, 2006)3
and satisfies the identity (usually called Widom’s determinant formula; see

Widom, 1958), that is,

o —1
¢ o1 -1
¢ ¢ P
k:
é() ¢p ¢p—l ¢p—2
¢p ¢p71 ..
d)p ¢p71 ¢p72 ¢1 -1
b Gpo1t - P2 P —1
dp 0 O3 P G
!
=) ——, ®)
,,,X;: n’i’:,,l, (hm — An)

8For the use of Toeplitz matrices on double-differenced AR(1) models, see Han (2007).
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where k = t — s indicates the order of the matrix. Clearly, £(¢,s) does not depend
on t,s but on their difference and is therefore denoted as &(k) with independent
variable the forecasting horizon k. The second equality in eq. (8) follows (only
if A, # A,) from standard results in ARMA models (see, e.g., Karanasos, 1998,
2001, and in particular, eq. (2.6) in the latter citation).

3. EXPLICIT SOLUTION REPRESENTATIONS

In the upcoming subsections, we shall use the principal determinant to describe
explicitly the general homogeneous and particular solutions of TV-LDE(p), the
sum of which yields the general solution of eq. (3).” It leads to an explicit
and computationally tractable solution representation of TV-ARMA processes,
described in Theorem 1. A useful decomposition of the innovation part of the
solution, especially for forecasting, is presented in Proposition 1.

3.1. Homogeneous Solution

We start by establishing a fundamental set of p solutions, being all banded
Hessenbergian functions with entries the AR coefficients of the model. This is
a crucial result (see for further details Appendix A.1), which enables one to
obtain the Green function explicitly (see the introductory notes to Supplementary
Appendix F3 and for more details see Paraskevopoulos and Karanasos, 2021) as
well as the general homogeneous solution of TV-LDEs(p).

In a similar manner with the principal matrix and determinant eqgs. (A.1) and
(A.2) in Appendix A.l, define another p — 1 banded Hessenbergian solutions of
eq. (7) (see Proposition A1(ii)), which along with the principal determinant, which
is identified as £V (¢, s), form a fundamental set of solutions

B, ={EV(,5),6P(,5),..£P(t,s5): t>5+1—p},

that is, a set of p linearly independent solution sequences associated with eq. (7)
(see Proposition A2). We show in Proposition A1(i) that & 0 (t,5) can also be
expressed exclusively in terms of the principal determinant and the AR coeffi-
cients, that is,

p+1—m

Es) = Y Puorpr(s+DEWLS ). ®

r=1

9In linear algebra, there have been some isolated attempts to deal with the problem, which have been criticized on
a number of grounds. For example, Mallik (1998) provides a compact and explicit solution for the aforementioned
equations, but it appears not to be computationally tractable. Lim and Dai (2011) point out that “although explicit
solutions for general linear difference equations are given by Mallik (1998), they appear to be unmotivated and no
methods of solution are discussed.” More recently, an alternative explicit and compact solution representation, which
is computationally tractable, is presented in Paraskevopoulos and Karanasos (2021). This is based on the infinite
Gauss—Jordan elimination method (see Supplementary Appendix F1 and the references cited there).

https://doi.org/10.1017/50266466624000306 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466624000306

10 MENELAOS KARANASOS ET AL.

As a consequence of the superposition principle of TV-LDEs, the general solution
of eq. (7) can be expressed as a linear combination of the elements of E; (see
Proposition A3 in Appendix A.2)

p
Y= g (1.8 yyr1om fort € Zpi-y, (10)

m=1

where {y;41—p,...,¥s} is a sequence of p initial condition values. The two-variable
notation for the homogeneous solution, yﬁf’;’”, is consistent with that used for the
principal determinant function (or the Green function), as the latter is the solution
of eq. (7) under the initial values y,=1and y;_, =0forn=1,..,p— 1. Thisis a
suitable notation for the asymptotic properties of TV-ARMA(p, g) processes.
Applying eq. (9) to eq. (10), we obtain the homogeneous solution entirely in

terms of the principal determinant:

p p+l-m

V=33 i s+ DEES+ D Yer1-m. 1)

m=1 r=I1

Expanding the determinant £(¢,s+r) in eq. (11), yf"v’" can be ultimately expressed
in terms of the AR coefficients, exclusively. This explicit representation of the
homogeneous solution in terms of the principal determinant function in eq. (10)
was recorded in earlier versions of the paper (see, e.g., Karanasos et al., 2020, and

the references cited there).'’

3.2. A Particular Solution and Its Decomposition

Recalling that v, = ¢(#) 4+ u, (see eq. 2), a particular solution to eq. (3) subject to

the initial condition values y; =y, = -+ = y,41—, = 0 is given by
t
=Y &, (12)
r=s+1

A proof of the above formula is demonstrated in Proposition A4 of Appendix A.2,
noting that the solution in eq. (12) depends both on ¢ and s. This has to be compared
with the equivalent result presented in Miller (1968, p. 40, eqgs. (2.8) and (2.9)),
but now in a fully explicit and directly computable representation. The sum of eqs.
(10) (or (11)) and (12) yields the general solution of eq. (3).

In Proposition 1 below, we introduce a decomposition of the innovation part
in eq. (12), which will be used throughout this paper. But first we introduce the
following definition.

10An analogous result for the multivariate case was given by Miller (1968) and Hallin (1986), but without explicitly
giving the Green matrix. An explicit representation of the Green matrix can be found in Supplementary Appendix
F3.
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DEFINITION 1. Define the function on Z? by

q
£ S EWN + Y EGr+DOr+D), (13)

=1

For each arbitrary but fixed s € 7, we define the function on Z* by

def

q
Engtr) S Y Er+DO(r+D). (14)

I=s+1-r

As &,(t,r) is equal to &(¢,r) plus a sum of terms consisting of the first ¢
instances of &(z,r + [) multiplied by corresponding MA coefficients, it can also
be expressed as a banded Hessenbergian (the proof is deferred to Supplementary
Appendix E1). The same holds, for & ,(z,7). We shall refer to &,(¢,7) and & ,(z,1)
as banded Hessenbergian coefficients, which are fully explicit (expressed in terms
of the model coefficients) and more compact, compared with the corresponding
coefficients “g(t,s)” in eq. (2.2), defined by Peiris (1986) (see also eq. (2.3)’s
coefficients “G(t,s)” in Singh and Peiris, 1987).

PROPOSITION 1. The innovation part of the particular solution in eq. (12) can
be decomposed into two parts as follows:

S tru =Y e+ Y &ane. 1s)

r=s+1 r=s+1 r=s+1—q

A formal proof of this result is provided in Appendix A.3. The integer interval
{s +1,...,}, in the relevant summations of the above equation, consists of k =1 —s
points, known as the length of the interval that coincides with the forecasting
horizon. In the first summation of the right-hand side, the errors whose index
ranges over {s + 1,...,t} are unobservable. In the second one, the time interval
extends from s+ 1 — g to s and therefore the errors whose index ranges over
{s+ 1—gq,..., s} are observable.

3.3. The Main Result

The aforementioned results on linear difference equations are applied herein to
obtain an explicit representation to the solution of eq. (1) in the following theorem.
This is a consequence of the general solution representation of a TV-LDE(p) in eq.
(3) as a sum of homogeneous and particular solutions, established in Sections 3.1
and 3.2, that is,

p t
Yo=Y E")y1mt Y EG@0) +up),
m=1

r=s+1
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for all s with s < . Notice that for each fixed ¢, the random variable y, is
independent of the past time point s, because it satisfies eq. (1) for any s, while both
homogeneous and particular solution functions depend both on ¢ and s. Applying
eq. (15) to the second sum of the above expression of y,, the upcoming theorem
follows immediately.

THEOREM 1. An alternative explicit representation of y, in eq. (1) in terms of the
prescribed sequence {y,,s+ 1 —p <r <s} forany s € Z such that s < t is given by

Zs‘"”(t )Yst1om + Z E@,r)(r)+ Z & (tr)e, + Z £ g(t.7)Ey.

r=s+1 r=s+1 r=s+1—q

Homogeneous Solution Part Particulz;cr Solution: Particular Solution: Innovation Part
Drift Part

(16)

The right-hand side of eq. (16) comprises four summation parts all involving the
principal determinant. In view of Proposition 1, the sum of its last three parts is the
particular solution given by eq. (12). More analytically, the first sum (the homo-
geneous solution in eq. (10)) is a product of the fundamental solutions multiplied
by prescribed random variables. The second sum (the drift part of the particular
solution in eq. (12)) is formed by products involving the principal determinant
&(t,r) multiplied by the drift ¢(r). The terms of the third sum (the first part of
the “MA decomposition,” see eq. (15)), are the banded Hessenbergian coefficients
&,(t,r) in eq. (13) multiplied by the unobservable errors. Finally, the terms of
the fourth sum (the second part of the “MA decomposition”) are the banded
Hessenbergian coefficients & ,(z,7) in eq. (14), multiplied by observable errors.
In the available open literature, there are no fully explicit solution representations
of eq. (1), in which all the coefficients are easily handled and computationally
tractable expressions (as being banded Hessenbergians). A compact representation
of eq. (16) and its equivalence with the single determinant representation obtained
by Kittappa (1993) are established in Paraskevopoulos and Karanasos (2021).

The methodology presented in this section can be used in the study of infinite-
order autoregression models as well as in the case of the fourth-order moments for
time-varying GARCH models (see, e.g., Canepa et al., 2022).

Another advantage of our TV-ARMA representation is its generality. That is, in
deriving it, we do not make any assumptions on the time-dependent coefficients.
Therefore, it does not require a case by case treatment. In other words, we suppose
that the law of evolution of the coefficients is unknown, in particular they may
be stochastic (either stationary or nonstationary) or deterministic. Therefore, no
restrictions are imposed on their functional form. In the deterministic case, the
model allows for known abrupt changes, smooth changes, and mixtures of them. If
the changes are smooth, the coefficients can depend on an exogenous variable, say
X;, or t or both. In the stochastic case, the model includes the generalized random
coefficient (GRC) AR specification (see, e.g., Glasserman and Yao, 1995; Hwang
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and Basawa, 1998) as a special case. In the aforementioned case, the model also
allows for periodicity. We should also mention that the solution includes the case
where the variable coefficients depend on the length of the series (see Examples
D.2 and D.3 in Supplementary Appendix D1). Another consequence is an efficient
approach to optimal linear forecasts based on a finite set of past observations,
presented in Section 5. As in the case of AR(1) processes, the latter result follows
from the explicit solution representation for the family of TV-ARMA(p, g) models,
described by eq. (16).

3.4. Asymptotic Stability

The asymptotic stability'' problem is to provide sufficient conditions which ensure
that a class of stochastic processes solving eq. (1) approaches a solution indepen-
dently of the prescribed p initial conditions (the effect of the initial conditions
is gradually dying out) as s — —oo, that is, when the homogeneous solution
in eq. (16) tends to zero, under a prescribed type of convergence. The explicit
representation of the homogeneous solution in eq. (10) makes it possible to provide
such types of conditions in Theorem 2 in the upcoming section (see, e.g., the
absolute summability condition in (17)).'?> Stability characterizes the statistical
properties (+/T convergence and asymptotic normality, where 7' is the sample size)
of least squares (LS) and quasi-maximum likelihood (QML) estimators of the time-
varying coefficients.'?

4. SECOND-ORDER STRUCTURE

Having specified a general explicit solution formula for the TV-ARMA types of
model, we turn our attention to the explicit representation of their Wold—Cramér
decomposition along with their second-order structure and the optimal linear
forecast formulas associated with them. In this section, we shall restrict ourselves
to the treatment of DTV-ARMA processes. In Section 6, we consider STV-AR
processes.

11 A5 pointed out by Grillenzoni (2000) stability is a useful feature of stochastic models because it is a sufficient
(although not necessary) condition for optimal properties of parameter estimates and forecasts. Since model (1) can
be expressed in Markovian form, stability conditions are necessary for many other significant properties, such as
irreducibility, recurrence, regularity, nonevanescence, and tightness (see Grillenzoni, 2000, for details).

12Dye to space considerations, alternative conditions on the asymptotic stability of TV-ARMA(p, ¢) models are not
presented here, but are available in Karanasos et al. (2020, Sects. 4 and 5). In particular, the conditions in Theorem 2,
established therein, include the “bounded random walk” of Giraitis et al. (2014), also used by Petrova (2019).

13 Azrak and Mélard (2006) have considered the asymptotic properties of QML estimators for a large class of
ARMA models with time-dependent coefficients and heteroscedastic innovations. The coefficients and the variance
are assumed to be deterministic functions of time, and depend on a finite number of parameters which need to be
estimated. Other researchers have also considered the statistical properties of maximum likelihood estimators for
very general nonstationary models. For example, Dahlhaus (1997) has obtained asymptotic results for a new class of
locally stationary processes, which includes TV-ARMA processes (see Azrak and Mélard, 2006, and the references
therein).
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4.1. Wold-Cramér Decomposition

In Theorems 2 and 3, we show the existence and uniqueness of the Wold—Cramér
decomposition (see Cramér, 1961)'* and, therefore, impulse response functions
(IRFs), for the DTV version of the model in eq. (1). In particular, we provide an
explicit condition, that is,

t

|E(t, )| < o0, forallz,  (absolute summability condition) a7
[0¢]

r=—

which, along with the boundedness hypothesis for the MA coefficients, enables us
to introduce fully explicit second-order formulas for the Wold—Cramér decompo-
sition in eqs. (18a) and (20a).

Peiris (1986), Singh and Peiris (1987), and Kowalski and Szynal (1991),
working with processes of zero drift, derive their solution representation as a
purely nondeterministic process of mean zero in terms of the Green function. The
presence of a drift yields a more complete and realistic model, in which the solution
representation can be decomposed into two orthogonal parts: a deterministic part
and a random one. We start with a more restrictive, but equally important result on
the class of asymptotically stable second-order solution processes.

THEOREM 2. Let the condition in (17) hold. Also let the drift ¢(t) and MA
coefficients 0,(t), 1 <1 < q, be bounded functions in t. Then there exists a unique
asymptotically stable second-order solution process y, of eq. (1), given explicitly
by

o= Y E6LNe™+ Y &t e, (18a)

r=—00 r=—00

A proof of the theorem is given from first principles in Appendix B.1, supported
by the results demonstrated in: Lemma B1, Corollary B1, and Proposition B1.
Formally y, in eq. (18a) is decomposed into two orthogonal parts: a nonrandom

part (the unconditional expectation of the process) and a mean-zero random one.

In all that follows, we shall use the notation z, &ef Zi:wo &,(t,r)e,. Under

the conditions of Theorem 2, z; exists, being the random part of y, in eq. (18a).
Moreover, eq. (18a) can also be viewed as the mean square limit of eq. (16),
as s — —oo. This follows from two facts, both shown in Appendix B.1: (i)
> EM(1,8)Yg41-m — 0, as s —> —00, which establishes that lim,_, o y" =

or equivalently that the process y; is asymptotically stable (see the proof of

Theorem 2) and (ii) Zi:sﬂ,q &,4(t,r)e, — 0, as s > —oo (see Corollary B2).

14Since a nonstationary generalization of Wold’s result was given by Cramér, it is referred to either as Wold—Cramér
decomposition or as Cramér—Wold decomposition (see Nelson, 2008).
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Proposition B1(iv) in Appendix B.1 shows that y, in eq. (18a) can be rewritten as
=Y &), Thus, eq. (12) implies
yo= lim /Y. (18b)

§—>—00
In the following remark, we discuss a potential application of Theorem 2.'°

Remark 1. Theorem 2 could be useful to design or perform (asymptotic)
inference. In particular, eq. (18a) is potentially very helpful even for those who
wish to work on asymptotic theory. For example, a convenient way to study
the approximation of partial sums of y,, would be to show that for the very
general class of TV-ARMA models, y, is a decomposable Bernoulli shift. In
Supplementary Appendix F4, we summarize what such a causal process is (see,
also for more details, Massacci and Trapani, 2022). More specifically, if y, satisfies
a decomposable Bernoulli shift, then many results follow, for example, a functional
central limit theorem (FCLT) or a strong invariance principle (SIP) of the form:

k

> - W(k)‘ = 0p(1),

t=1

max —
1<k<T k¢

where W (k) is a Wiener process and { < % This result would be extremely helpful
to study structural breaks for example.

The main result of Theorem 2 is generalized by Theorem 3 below. It is shown
that second-order solutions of eq. (1) exist, without invoking the boundedness of
the drift, but all other conditions of Theorem 2 remain the same. This is grounded
on Proposition F.1(i) (see Supplementary Appendix F2.2), which shows that any
second-order solution process y, of eq. (1) is decomposed into two orthogonal
parts: a mean-zero random process {y, —IE(y,)} and a first moment process {E(y,)},
simultaneously satisfying the following equations:

p
a= Y u®Ozm+u, (19a)
m=1 )
=90+ Y buOttim (19b)

m=1
for z; =y, —E(y;) and u, = E(y,), respectively.
In all that follows, M (¢g) (resp. M,(¢)) stands for the closed linear subspace of
L, spanned by {g,,t € Z} (resp. {&;, — 00 < s < t}). On account of M,(g) C M (e),
if z; € M, (¢) for all 1 € Z, then {z;} is a process in M(g).

THEOREM 3 (Generalization). Let the absolute summability in (17) and the
boundedness of MA coefficients 0)(t), 1 <1< g, hold. Given a first moment process

15We are indebted to an anonymous reviewer of this paper who provided us all necessary information to produce this
remark.
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W, which satisfies eq. (19b), the process

V=1t Y &t r)e (20a)

r=—00

is a unique second-order solution of eq. (1) such that E(y,) = u, and

E0) = Y. 62(t.no’n)+(E()) < oo

r=—00

The proof of Theorem 3 is presented in Appendix B.l. The second-order
moment of y,, given in the above equality, is shown in Section 4.2 (see the
discussion below Proposition 2). Under the conditions of Theorem 3, eq. (20a)
entails that, for every r € Z,

— =z = Z &t (20b)

which is a unique mean-zero solution process of eq. (19a) in M(e). Formally, y,
in eq. (20a) satisfies eq. (1), when y; takes on p prescribed random variables of the
form ygi1—m = EVsr1-m) + Zs+1—m for 1 <m < p and for any s < ¢, and therefore
y; also satisfies eq. (16). As the demean eq. (20a) is future-independent, that is, z;
can be expressed in terms of the current and past values of ¢,, we shall also refer
to y; as a causal solution of DTV-ARMA models. The uniqueness of z;, (see the
proof of Theorem 3) entails that two causal solutions must differ in their means,
exclusively (for further details, see the discussion below the proof of Proposition
F.1 in Supplementary Appendix F2.2). The conditions of Theorem 3, which yield
the causal solution in eq. (20a), will be referred to as a causal environment.
Certainly, the conditions of Theorem 2 furnish a stronger causal environment.

In practice, a vector ps = [y, [bs—1, .-, hs+1—p] OF p consecutive values of the
first moment process {u,} can be estimated by the time series data via regression
techniques (see Fuller, 1996). Employing u, as the initial condition vector, the
whole process {u,} in eq. (19b) can be constructed (see eq. (F.13) in Supplementary
Appendix F3). In the above cited references (stated below (17)) and more recently
in Grillenzoni (2000) and Azrak and Mélard (2006), the Wold—Cramér decom-
position is computed via recursion. In sharp contrast, eqs. (18a) and (20a) provide
more complete and explicit representations for the solution of eq. (1). To the extent
of our knowledge, in the accessible literature on TV-ARMA processes, there is
no fully explicit representation of the Wold—Cramér decomposition. Moreover,
Theorem 3 (resp. Theorem 2) can be rephrased by replacing condition (17) and
the boundedness of the MA coefficients with the regularity conditions (see Singh
and Peiris, 1987; Kowalski and Szynal, 1991). Accordingly, regularity conditions
also yield an explicit solution representation of eq. (1), which is given by eq.
(20a) (resp. by eq. (18a), whereas in this case the boundedness hypothesis of
the drift is a prerequisite). Moreover, the solution formulas in Theorems 2 and 3
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explicitly recover the mean-zero second-order solution processes of demean DTV-
ARMA(p, g) models (¢ (7) = 0 for all £), established in the above cited references.

The regularity conditions noted above are not, however, necessary for y, € L,,
since they do not cover the case of periodic coefficients (see Grillenzoni, 1990 or
Karanasos et al., 2014a, 2022). A necessary condition for the regularity conditions
to hold is the square summability of {é‘; (t,7)}r<s, that is, Zi:wo qu (t,r) < o0, for
all t € Z (see Supplementary Appendix F5).

4.2. Unconditional Moments

In this subsection, we present explicit formulae for the first and second uncondi-
tional moments of the Wold—Cramér decomposition in eq. (18a) for DTV-ARMA
processes coupled with sufficient and necessary conditions for their existence, as
the following proposition demonstrates.

PROPOSITION 2. Let the conditions of Theorem 2 hold. Then the unconditional
mean of the asymptotically stable process y, in eq. (18a) is given by

t

E() = Y &tre@) (21a)

r=—00

and its unconditional variance is given by

Var(y) = Y £2(t,no> (). (21b)

r=—00

Necessary conditions for the process y, in eq. (18a) to be first- and second-order,
on account of eqs. (21a) and (21b), are, respectively,

lim &(t,s)¢(s) =0and lim & (1.5)0”(s) =0 for all z.
§—>—0Q §—>—00

Moreover, the condition lim,_, _,&(t,s) = 0 is sufficient for the above two limits
to exist, due to the boundedness of (r), 6,(r) and o (r).

A proof of the formulas in egs. (21a) and (21b) is included in Proposition B 1(iii)
of Appendix B.1, provided that the conditions of Theorem 2 hold. Three illustrative
examples for the Var(y,) are presented in Supplementary Appendix D1. The
unconditional mean E(y,) is of the same form for both the AR and the ARMA
processes. Moreover, both solution processes in egs. (18a) and (20a) share identical
unconditional variances. The logical connections between the conditions that are
described in the above proposition are summarized in the following commutative
diagrams (see Appendix B.2 for a proof):
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t

S etrp) eR = 3 tr)<oo = 3 €(tr)od(r) < oo

- l ;s I N !

lm £(t,s)p(s) =0 <= lim £(t,s)=0 = lim &(ts)0”(s) = 0.
o §——00 §—r — 00

§——00

Commutative Diagrams

4.3. Autocovariance Function

In the following proposition, we state an explicit expression of the covariance
structure for the Wold—Cramér decomposition of DTV-ARMA (p, ¢) processes.

PROPOSITION 3. Let the conditions of Theorem 3 hold. Then the time-varying
L-order autocovariance function y;(€) = Cov(y,,y1—¢), £ € Zy, of a second-order
solution process {y;} given in eq. (20a), exists and is given explicitly by

t—C

V(O = Y E(tLnE1— Lo (). (22)

r=—00

Moreover, limy_, o y,(£) = 0.

A proof of Proposition 3 is presented in Appendix B.3. The time-varying
variance of y; in eq. (21b) is recovered by applying y;(¢) for £ = 0, that is,
v1(0) = Var(y,).

From a computational viewpoint, the covariance structure of the process y, can
be numerically evaluated by computing the banded Hessenbergian coefficients,
&,(t,r) in eq. (13) and substituting these in eq. (22). The next remark highlights
the importance of the existence of finite second moments.

Remark 2. Azrak and Mélard (2006) considered the asymptotic properties of
QML estimators for the DTV-ARMA models, where the coefficients depend not
only on ¢ but on the sample size T too (see Aljetal., 2017, for the multivariate case).
In their Theorem and Lemma 1, the existence of finite second-order moments was
required. They also showed there that the dependence of the model on T has no
substantial effect on their conclusions except that a.s. convergence is replaced by
convergence in probability, since convergence in L, norm implies convergence in
probability (see Lemma 1’ in their paper).

5. FORECASTING

The invertibility is crucial for obtaining reliable approximate forecasts based on
a finite sequence of past observations (see, e.g., Hamilton, 1994, p. 85). The
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inversion of a second-order mean-zero solution process is discussed in this section
along with forecasting. We derive two generic explicit forms for the k-step-ahead
optimal linear predictor (in L, sense), based on, respectively, infinite and finite
sequences of observable random variables coupled with their forecast and mean
square errors.

Recalling that z, = Ztrzfoo &,(t,r)e, stands for the unique mean-zero solution
process of eq. (192a) in M (¢).

5.1. Invertibility

The invertibility of {z,} is discussed in some detail in Supplementary Appendix G1.
By analogy with the definition of the principal matrix, we there define the banded
Hessenberg matrix O,  (see eq. (G.2)), whose entries are the opposite sign moving
average coefficients of eq. (1). The associated principal determinant is defined
by ¥ (t,5) = det(®, ). By analogy with the definition of £,(z,7) in eq. (13), the
associated banded Hessenbergian coefficients are 9, (t,7) = 0 (t,7) — Zﬁ;:l D (t,r+
m)@,,(r+m). We show in Theorem G.1 that in a causal environment the additional
condition erz—oo |9 (¢, 7)| < oo is sufficient for the invertibility of z; and its explicit
representation is given by

t
& = Z 0y (1, 1)z,
r=—00

Let M;(z) be the closed linear subspace of L, spanned by {z,, — o0 < r < t}.
Under both absolute summability conditions, that is, Ztr:_oo |&,(¢,1)| < oo and
Z’r:_oo |9 (t,r)| < oo, the representation of z, in terms of &, coupled with the
above representation of &, in terms of z, ensures that M;(z) = M;(¢), forall t € Z.
Replacing the aforementioned absolute summability conditions with the AR and
MA regularity conditions, respectively, they also ensure that M,(z) = M, (e), for
allt € Z (see, e.g., Singh and Peiris, 1987). The conditions ensuring the invertibility
of the solution process y, will be referred to as invertible environment.

5.2. Forecasts Based on Infinite Observations

The following approach is appropriate for large sample optimal linear forecasts.
In what follows, ¢ stands for the forecast time point, k =t — s for s < ¢ denotes the
forecast horizon, and {¢,},<, is the sequence of observable random variables. The
orthogonal projection of z, on the closed subspace M;(g) of M(¢) is the k-step-
ahead optimal linear predictor of z;, based on M;(e), which is given explicitly
by

P I M) = ) &ne,.

r=—00

https://doi.org/10.1017/50266466624000306 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466624000306

20 MENELAOS KARANASOS ET AL.

Replacing the absolute summability conditions with the AR and MA regularity
conditions, established in the references cited in Section 4.1, identical forecasting
formulas for the process {z,} are obtained, but now the banded Hessenbergian
coefficients &,(,7) are explicitly expressed directly in terms of the coefficients
of the model in eq. (1), without invoking recursion for their computation.

Assuming in addition that {g,} is a white noise martingale difference sequence,
relative to {zs—,}o<r<oo» that is, E(&|zs, 2s—1, ...) = 0 for all 7, the above stated linear
predictor coincides with the conditional expectation of z; based on M;(¢), that
is, the k-step-ahead optimal predictor minimizing the corresponding mean square
error (see Brockwell and Davis, 2016, p. 334).

Following Hamilton (1994, p. 74), we shall denote by IAE(y, | M;(¢)) the orthog-
onal projection of y, € L, on the closed linear subspace of L, spanned by the
sequence {1, &y, &_1,...}, which is also an orthogonal sequence, and contains all
constants. Let {u,} be the estimated first moment process generated by eq. (19b).
An explicit representation of the linear predictor of y, in eq. (20a) for ¢ > s is given
by adding the estimated mean E(y;) = u, to the foregoing forecast f’(z, | M(e)),
that is,

EGiI M) =EG)+ ) &t

Fr=—00

The forecast error FE, o Vi — I@(yt | M;(e)) =z, — I@(z, | M;(e)) and the asso-

. def .. .
ciated mean square error MSE, = Var(FE, ;) are also explicitly expressed in

the forthcoming egs. in (23b), being identical to the counterpart errors obtained
therein.

In an invertible environment, since M,(z) = M;(¢) for all t € Z, the sequence
{z+}r<s can also be identified as the sequence of observable random variables. In
this environment, the optimal linear predictor formula is presented in Supplemen-
tary Appendix G2.

If the conditions of Theorem 2 hold, then E(y,) is given by eq. (21a) and there-
fore the k-step-ahead optimal linear predictor formula, stated above, is modified
by replacing E(y,) with Zi:wo Et,r)e(r).

5.3. Forecasts Based on Finite Observations

In what follows, we discuss a more realistic approach to forecasting, focusing on
finite size sample forecasts. If we have a finite number of observations, say N,
at our disposal, we can truncate the series of E(yt | M,(e)) up to and including
the (s 4+ 1 — N) term to obtain approximations to the k-step-ahead optimal linear
forecasts obtained in the previous paragraph.

An alternative optimal linear forecasting approach to the one based on infinite
observations is obtained by taking advantage of the second-order solution in
eq. (20a), but written as in eq. (16) (see the discussion below eq. (20b) in
Section 4.1). Let KC; for s < ¢ stand for the linear subspace of L, spanned by the
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set: {Vs, Ys—1s -+, Vs+1—pt U{€s, .., Esy1-g} U {1}. Formally, K; is closed, as being
the span of a finite set of elements of L,. In this case, y;_;, for 0 <i <p—1, and
&, for 0 <i < g—1, are the observable random variables. The optimal linear
predictor of y, in eq. (16), based on /C;, along with the forecast and mean square
errors are explicitly expressed in the following proposition.

PROPOSITION 4. The k-step-ahead optimal linear predictor of y; € L, in eq. (16),
based on Ky, is

14 t K
EG ) =) €™ @s)ysimt Y, EGNQ)+ Y Eqgtre.  (23a)

m=1 r=s+1 r=s+l—q

The forecast error FE, ; = y, —E(y,| ) and its associated mean square error (its
variance) are

FE, = Y &(t.re. MSE,,= Y &2(t.r)o’(r). (23b)

r=s+1 r=s+1

As the expectation of FE, ; is zero, the forecast is unbiased.

A proof of Proposition 4 is deferred to Supplementary Appendix G2. Since the
expressions of FE, ; and MSE, ; are independent of ys, we conclude that both error
formulas in eq. (23b) remain invariant for any second-order solution process. More
specifically, for any two second-order solutions of eq. (1), say y; and y}, it follows
that y, — ]I:I(y,|ICS) = Z'r:_v &t rEe =y — I@(yf|Ks). These error formulas are
identical to those associated with an infinite sequence of past observations, as
already stated in the preceding paragraph.

In the case of ARMA models with constant parameters, by using 7 — r in place of
(,7), the coefficient £ (¢, s) in eq. (9) becomes £ "™ (t —5) = ’r’;rll T P14 E(—
s —r) and the banded Hessenbergian coefficient in eq. (14) becomes & ,(t—r) =

?=S+17r.§(t —r—10)6;, where £ (r) is given by eq. (8). In this case, the k-step-ahead
optimal linear predictor in eq. (23a) takes the form

P t s q
EGilKo) =Y e 0—syspiom+e Y 6=+ D > Et—r—Doer
m=1 r=s+1 r=s+1—q I=s+1—-r
(23¢)

We should highlight the fact that eq. (23c) coincides with the formula obtained by
Karanasos (2001), in his Theorem 1, eq. (2.7) (see, for more details, Supplementary
Appendix D2).

5.4. Some Further Consequences

For each time point 7, the forecast error in eq. (23b) converges in M,(¢), as s —
—00, to the mean-zero random part of eq. (20a) (or eq. (18a)), that is,
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t
Jim FE,, = ) &(e.
r=—00

Moreover, the linear optimal forecast, based on M (¢), and the mean square error
converge, respectively, to the first moment and to the unconditional variance, as
s — —00, that is,

im By, | M(e)) =EQ0),

t
lim MSE,, = ) & (t.no’(r) = Var(y).

We remark that the explicit form of the variance for a Gaussian process is essential
for the determination of the confidence intervals for E(y, |Ky).

Finally, we formulate one of the main arguments made by Hallin (1986), which
states that unlike the constant parameters case, in a time-varying coefficient setting,
two MSEs with the same forecasting horizon k, but at different time points, are no
longer equal. With this in mind, consider two distinct pairs of time points, say
(t1,s1) and (1, s,), such that t; —s; = 1, — s, = k. The associated MSEs are

4l 1)
MSE;, 5, = Y £X(t1.00>(r), MSE,,, = Y & (t2.r)o>().

r=s1+1 r=so+1

Changing the summation limits ([s; + 1..#;] and [s, + 1..£,]), both to [0..k — 1], we

get
k—1 k—1

MSE,, 5, = Y £2(t1.ty =)oty = 1), MSE,, =Y £X(t. 12— o> (ty— ).
r=0 r=0

Accordingly, in a time-varying coefficient setting, a comparison between MISE,, ,
and MSE,, ;,, whenever t; —s; = t, — s», entails that MSE,, ;, # MSE,, ;,. In
contrast, in a constant parameter setting, the two MSEs coincide, since MSE,, ,, =
MSE, = MSE,, ,, where

k-1

MSE; = 02 Y "&2(r).

r=0

6. STOCHASTIC COEFFICIENTS

In Sections 4 and 5, we restricted ourselves to the treatment of DTV models.
In this section, we examine processes with stochastically varying coefficients.
For simplicity, instead of ARMA processes, we will concentrate on the AR
specification. In particular, we will investigate two models: the random coefficients
one and the double stochastic AR process.'® But first we will express the STV-AR

16Some results concerning the GRC model are not presented here, but are available at Karanasos et al. (2020, Sect.
7.3).
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model in a companion matrix form. The proofs of the present section are provided
in Appendix C.

6.1. Companion Matrix Form

In this subsection, we show how to utilize the principal determinant (Green
function) and the mth fundamental solution in order to obtain a compact and
explicit representation of the companion matrix.

The STV-AR(p) process can be expressed as

Y = Qor +¢;yp1 + &, (24)
where y;—1 = (y;—1,Yr—2, - - -, ¥i—p)' is a p x 1 vector of preceding random variables
of y;, and @, = (P11, P2, ..., P») is a p x 1 vector of the autoregressive random

coefficients. Notice that we denote the stochastically varying coefficients, includ-
ing the drift ¢q,, by ¢y, m =0, ..., p, instead of ¢, (f), which was the notation used
for the deterministic ones.

It is well known that model (24) can be written in a companion matrix form

Y=o+ Py +&5, (25)

where &, = (¢,0...0), ¢y, = (¢0,0...0)’, and the companion (square) matrix &, of
order p associated with the vector ¢, is given by

b1 Du . o1 Py

1 0 .. 0 0
o—| 0 1 ... 0o o [ 26)
0o 0 ... 1 0

That is, the STV-AR(p) process is converted to a p-dimensional vector STV-AR(1)
model. For any set of p prescribed random variables y;,, iterating eq. (25) yields

t
Ve =Ci¥s+ Y Cor(do +e&). 27)
r=s+1
t
where C,; = [] @, is the product of companion matrices with initial square

r=s+1
matrix C,, =1 of order p. It follows directly from eq. (27) and Theorem 1 (see,

for more details, Paraskevopoulos and Karanasos, 2021; see also, Supplementary
Appendix F3) that the p-dimensional square matrix C, ; is given by

5(1)(t,s) ‘5(2)(&5) g@)(,,s)
c ED(—1,s) ED@—1,5) - EP(@—1,9)
gma—b+Lg g®a—b+Lg f-g@@—b+L@
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In other words, the element occupying the (n+ 1, m)th entry of the matrix C, ; (n =
0,...,p—1) is the mth fundamental solution £™ (t — n, s). We recall that £V (¢, s)
is given in eq. (5), where now ¢,,(¢) in eq. (4) is replaced by ¢,,,, and £ (z,s) is
given in eq. (A.2).

6.2. Random Coefficients AR Model

In this subsection, we examine the random coefficient AR(p) model (with acronym
RC-AR(p)), which is given by eq. (24), using for this the following notation and
specifications: ¢} = (¢or ¢,)', t = s+ 1,s+2..., is an i.i.d.(p + 1)-dimensional
random vector of the coefficients, and the i.i.d. errors {&;, ¢ > s+ 1} are independent
of the random drift and autoregressive coefficients. Also let £, be arandom variable
independent of everything else, being the initial state.

Let us call |-| the euclidean norm on the space R”. Let R”*” be the space of
p X p matrices with elements in R and ||-|| be the matrix norm induced by |-| (this
is known as the spectral norm, defined by the largest singular value of the matrix).

Condition 1. £(7,5) = 0 as 1 — oo.

The proof of the next theorem follows from the fact that &, L oasr— oo

implies that HCMH S 0ast— o and, therefore, Theorem 2.1 in Erhardsson
(2014) applies.

THEOREM 4. Consider the RC-AR(p) model. Under Condition 1, the following
are equivalent:

1) y; convergences in distribution as t — 0.

o0
i) Y |C,_1,S€,| < 00 a.s.
r=s+1
t

iii) > C,_; &, converges a.s., as t — oo.
r=s+1

. a.s.
iv) Ci—1 58, = 0, as t > oo.
V) SUP;soyy }C,,Lse,| < 00 a.s.

As pointed out by Erhardsson (2014), the implications (ii) — (iii) —
(iv) = (v) remain valid even if condition ||C, || <> 0 as # — oo does not hold.

To the best of our knowledge, no prior studies have provided an analogous
condition to Condition | for the RC-AR(p) model.

6.3. Double Stochastic AR Models

In this subsection, we examine the more general case where the autoregressive
coefficients follow AR processes. We show that for this model the unconditional
variance exists in R. o provided that the associated Green function convergences in
L, a result which is in line with Theorem 2(ii) in Karanasos et al. (2020). In other
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words, we investigate the double stochastic AR model, hereafter termed DS-AR
(for double stochastic processes and in particular ARMA processes with ARMA
coefficients, see, e.g., Grillenzoni, 1993, and the references therein). This model
is defined by eq. (24), but in this case, the coefficients, ¢, form =1, ..., p, follow
AR processes:

Pm
¢mt = lgm() + Z ﬁtnl¢m, =1+ €mr (28)

I=1

where B,,0 and B, are constant coefficients and p,, € Zs; forallm: 1 <m < p.
{e.:} are martingale difference sequences defined on L,, where e,,, and &,4, b € Z,
are mutually independent for all m, b, and ¢. We will also assume that the drift in
eq. (24) is time invariant, that is, ¢y, = ¢ for all .

The results in Sections 4 and 5 can be easily modified to cover DS-AR models
by replacing the fundamental solutions with their respective (unconditional and
conditional) expectations. More specifically, we present two theorems followed
by two propositions (their proofs essentially repeat the arguments of the proofs of
those in Sections 4 and 5).

There are two sufficient conditions ensuring the Wold—Cramér decomposition
of DS-AR(p) models, and therefore the existence of the first two unconditional
moments:

t
Z |IE(§ (t, r))| < 0o for all ¢ (first-order absolute summability),
= 29)
Z E(&%(#,r)) < oo forall ¢ (second-order summability).

r=—00

Remark 3. Generally, it is very difficult to verify if the two summability
conditions are fulfilled. Only some special cases allow for explicit solutions
(see, Andél, 1991, and the references therein). A sufficient condition for the
absolute summability to hold is that {>"" _, ¢,,.} belongs with probability one to
the interval (—1, 1), nearly everywhere, that is, with the exception, at most, of a
finite number of 7 (see, e.g., Grillenzoni, 1993). Similarly, a sufficient condition for
the square summability to hold is that with probability one A" [®®?] < 1, nearly
everywhere, where A;max) [<I>t®2] refers to the modulus of the largest eigenvalue of
<I>t®2 = &, ® @, and ® stand for the Kronecker product; we recall that ®, is the
companion matrix (see eq. (26)).

THEOREM 5. Let the two summability conditions in (29) hold. The Wold—Cramér

decomposition (in L, sense) is a solution of the DS-AR(p) model in eq. (24), where
its AR coefficients are given by eq. (28), being of the form

Yo=Y Etr) (o +e0). (30)

r=—00
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THEOREM 6. If all the AR coefficients, ¢, m = 1,...,p, are strictly stationary,
then eq. (24) has a stationary solution of the type (30) if and only if

Y IEEE D) <00 and Y E(£3(r1)) < oc.
r=1 r=1

In what follows, we present explicit formulae for the first and second uncon-
ditional moments for the DS-AR family of processes coupled with sufficient and
necessary conditions for their existence.

PROPOSITION 5. Under the two conditions in (29), it follows from Theorem 5 that
the unconditional mean of the DS-AR(p) process in eq. (30) is given by

1

EG) =¢o Y E(E@n). 31)

r=—00

A necessary condition for the absolute summability to hold is
lim E(£(,5)) =0.
§—>—00

Moreover, the unconditional variance of the process is given by
t t
Var(y) = ¢ Var( Y £@tn)+o? Y E(E(1r).
r=—o00 r=—00

A necessary condition for the second-order summability to hold is

E@OOE(sZ(t, 5)) =0.

We notice that lim,_, ]E(E 2(t, s)) =0isequivalent to lim,_, o, ||£(%,5)| |zz =0,
which, in turn, is equivalent to limy_, _ ||£(#,5)||z, = 0. In this latter case, we write

limy s oo £(t,5) 2 0.

PROPOSITION 6. Following the notation of Proposition 4, let ICs be the smallest
closed linear subspace of L, spanned by the finite observable sequence

{YS» ---vstrlfp} U (U{¢i'5’ ¢i,s71a cee v¢i,s+1pi}) U {1}
i=1

The k-step-ahead optimal (in L,-sense) linear predictor of the DS-AR(p) process is

t

p
EQ ) =) EE™@)IK)ysm+do Y BEGNIKS ).
m=1

r=s+1
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Moreover, limg_, _4, IAE(y,IICS) = E(y;), which is given by eq. (31). The forecast
error FE, s for the above k-step-ahead predictor, is given by
t

! p
FE.s=¢o ) (S(t,r)—fE(S(t,r)lle)> + Y EEnE+ Y (E™ 1)
m=1

r=s+1 r=s+1
- E(S (m (ta S) |’Cs))ys+l—nu

and its variance, Var(y;|Ky), is given by

! p
Var(ylK,) = Var<(¢o D EGH+Y ET WY1 m) m)

r=s+1 m=1

+o? Y R(ELIK)

r=s+1

(we recall that £(t,r) have been introduced in egs. (4) and (5), where ¢,,(t) are
now replaced by ¢,). Finally, lim,_, o, Var(y,|K,) = Var(y,), which is given in
Proposition 5.

Remark 4. If the AR coefficients are deterministically varying, then the results
in Proposition 6 coincide with those in Proposition 4 for the AR model.

7. MODELLING INFLATION

In this section, we directly link econometric theory with empirical evidence. In
our empirical application, we consider the possible presence of structural breaks
in inflation in the United States. Although the empirical example serves as an
illustration of the practical usefulness of the proposed approach and a further
examination of the structural breaks versus long memory debate'’ is beyond
the scope of this paper, we should highlight the fact that the unified theory
can be applied to infinite-order autoregressions with either constant or variable
coefficients. Since a special case of such a process is the time-varying long memory
specification with structural breaks, our methodology unifies the concurring views
of long memory and structural breaks. We use quarterly data on the GDP deflator
as the measure of the price level. The dataset consists of observations from 1963Q4
to 2018Q1. The figure below plots the data used for the empirical investigation.
Inflation is calculated as the quarterly change of price level at an annualized rate
calculated as 7, = 400(In(P;/P;—1).

17Sibbertsen (2004) reviews the literature on misspecifying structural breaks as long-range dependence and proposes
various methods for distinguishing both these phenomena. As pointed out by Sibbertsen in many situations, it is not
clear whether the observed dependence structure is real long memory or an artefact of some other phenomena such
as structural breaks. Long memory in the data would have strong consequences (i.e., for forecasting future events
it is important to know whether the data exhibits long-range dependence or if it is an artefact of structural breaks).
However, distinguishing both of these phenomena is difficult because their finite sample properties are rather similar.
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In terms of inflation modelling, the period under consideration is of particular
interest as it covers the boom-time inflation of the late 1960s, the stagflation in
the 1970s, and the double-digit inflation of the early 1980s. During this period,
substantial shifts in monetary policy occurred, most notably the Fed’s radical step
of switching policy from targeting interest rates to targeting the money supply in
the early 1980s. Therefore, when modelling inflation, it is important to allow for
time-varying parameters. In what follows, we estimate AR(p) models with abrupt
structural breaks.'®

The optimal model is an AR(2) process with two deterministic abrupt breaks
[DAB-AR(2;2)] at fixed points of time #; and #,, where #; > ;. The process is

defined by
o1 +o1,1yi-1 + @2 1y—2 + 016, if t>1,
Ve=1 @+d—1+droyiatore, if tHh<t=<t, (32)

O3+ P13Yi—1 + P2 3yi—2 + 03¢, if 1<,

where e, ~ i.i.d. (0,1) foralltand 0 < aiz <M < o00,i=1,2,3. An explicit solution
representation is given by eq. (I.1) in Supplementary Appendix I1.

The choice of the number of lags was based on the modified AIC (Akaike
information criterion) and the Bayesian information criteria. The break points are

18 Various unit-root tests show that, in general, we can reject the null hypothesis of a unit root in inflation series
(see, for details, Supplementary Appendix H1). Many studies have also investigated the orders of integration of the
Fisher equation variables. In particular, Sun and Phillips (2004) find that the three Fisher components (i.e., nominal
and real interest rates, and expected inflation) are integrated of the same order, with memory parameter in the range
(0.75,1). There is a voluminous literature on the long memory versus structural break debate (see, e.g., the book by
Goerg, 2010). For a recent discussion of long range dependence and multiple structural changes in the persistence of
European inflation rate series, see Karanasos et al. (2016).
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TaBLE 1. Structural break test and estimation results.

Panel A: Bai and Perron tests of L+ 1 vs. L sequentially determined breaks

Null hypotheses F-statistic  Critical value
Ho:0vs 1 57.96** 13.98
Ho:1vs2 18.13** 15.72
Hy:2vs3 13.57 16.83
Panel B: Model estimation and misspecification tests
Period @i P, $o,i oi
1964Q2-1976Q3 0.496** 0.470* 0.376* 1.077*
(0.224) (0.108) (0.102) (0.367)
1976Q4-1986Q2 3.637* 0.710* 0.127 2.300*
(0.954) (0.119) (0.112) (0.689)
1986Q3-2018Q1 2.859* 0.247* —0.314* 2.160*
(0.396) (0.082) (0.077) (0.489)
R? 0.614
Breusch—Godfrey test 2.055
(0.561)
White test 3.103
(0.376)
Log-likelihood —482.91

Note: Panel A reports the calculated Bai—Perron test for structural breaks along with the critical value
of the test taken from Bai and Perron (2003). Panel B provides the estimated parameters along with the
associated standard errors. The notations * and ** indicate the statistical significance at 1% and 5%,
respectively. The p-values for the misspecification tests are given in parentheses.

treated as unknown. Note that breaks in the variance are permitted provided that
they occur on the same dates as the break in the autoregressive parameters.

Coming to the estimation procedure, the first step is to identify possible points
of parameter changes. In order to do so the Bai and Perron (2003) sequential test
on inflation rates is used to identify possible breaks during the sample period. The
Bai—Perron test (for details, see Supplementary Appendix H2) concludes that there
are two structural breaks. The results of the structural break test are summarized
in Panel A of Table 1.

A possible limitation of structural break models is that they are typically sample-
period-dependent. Therefore, their forecasting performance may be affected by the
assumption that an abrupt break at one point in time is a one off shock to inflation
and therefore not persistent (for a detailed discussion on the weaknesses of the
structural break approach in analyzing and forecasting time series such as inflation,
see Sun and Phillips, 2004; Phillips, 2005). Note that in the literature, fractionally
integrated specifications have often been used to model inflation along with those
with structural breaks. In this respect, taking into account fractional integration
may produce better forecasting properties.'”

'9Empirical studies on fractional integration analysis include, among others, Baillie et al. (2002), Hsu (2005),
Canarella and Miller (2017), and Iacone et al. (2019). However, as Diebold and Inoue (2001) point out, structural
breaks in time series can induce a strong persistence in the autocorrelation function and hence generate spurious long
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The first break occurred in the mid-1970s, when the Fed tightened monetary
policy to fight the high inflation rate after the end of the Bretton Woods period.
The second break occurred in 1986, when the Fed embarked on an aggressive
policy to reduce inflation, which reached unusually high levels starting from the
70s. As a result, inflation fell from 10.5% at the end of 1980 to 1.1% in 1986Q2,
which is also the date of the estimated break.”’

7.1. Estimation Results

As far as the estimation results are concerned, Panel B of Table 1 reports the QML
estimated parameters for the model and the relative misspecification. Note that the
White-heteroskedasticity standard errors are reported in parentheses. According to
the reported parameter estimates, the inflation process is well approximated by a
second-order autoregression. Moreover, the drift parameters ¢;, i = 1,2, 3 increase
from @3 = 0.496 before 1976Q3 to ¢, = 3.637 during the period 1976—-1986. The
increase in the drift reflects the fact that toward the second half of the 70s until the
middle of the 80s, the inflation level was stubbornly high. After 1986, the smaller
magnitude of the estimated drift reflects the lower average inflation rates that the
United States enjoyed over the last three decades. This is in line with the finding in
Levin and Piger (2004), who provide statistical evidence for a fall in the intercept
after the early 1990s. Kozicki and Tinsley (2002) interpreted this shift as a change
in the long-run inflation target of the Federal Reserve.

Considering now the estimated autoregressive parameters, ¢; ; and ¢, ;, accord-
ing to the estimates until 1986, the inflation process had a high intrinsic persistence
(613 + P23 = 0.846 = ¢ 2 + ¢p2.» = 0.837), but it has fallen ever since. These
results are consistent with the findings in Cogley and Sargent (2002) (see also
Brainard and Perry, 2000; Taylor, 2000). With respect to the variance parameter
o;, we see that the volatility of the innovation was relatively high during the decade
1976-1986 (0, = 2.30) and it has fallen slightly in the last 30 years (o7 = 2.160).
However, it did not go back to the relatively low level before 1976 (o3 = 1.077).
This is probably due to the fact that the last period included the turmoil of the
financial crisis that started in 2005 (see, e.g., Stock and Watson, 2009).

Our estimated model confirms that changes in inflation dynamics can be
explained by changes in the drift, the intrinsic persistence, and the variance param-
eter. To summarize our results, we find evidence that the parameters in the models
capturing persistence change over time. Therefore, not allowing for time-varying

memory (see also Granger and Hyung, 2004). In the same vein, Perron and Qu (2006) show how a stationary short
memory process with level shifts can generate spurious long memory. In this respect, Sun and Phillips (2004) propose
a robust semiparametric estimator that explicitly allows for the presence of short memory noise in the data (see also
Phillips, 2007). Since the suggested Whittle estimator makes it possible to separate low-frequency component from
high-frequency behavior, it may have better forecasting properties with respect to the model in eq. (32). The use of
fractional integration (and especially a time-varying type) is certainly promising and it will be considered in future
work.

20McConnell and Perez-Quiros (2000) have detected a fall in the volatility of output after 1984 as well.

https://doi.org/10.1017/50266466624000306 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466624000306

UNIFIED THEORY FOR ARMA MODELS 31

parameters in the estimation procedure would result in a less accurate modeling
of the inflation process. This, in light of the simulation results in Supplementary
Appendix H3, may lead to poor forecasting. Finally, the misspecification tests are
reported at the bottom of Panel B. It turns out that the Breusch—Godfrey for auto-
correlation does not reject the null hypothesis of no serial correlation. Similarly, the
White test for heteroscedasticity does not reject the null hypothesis of homoscedas-
ticity, therefore indicating that the model does not suffer from misspecification.

7.2. Inflation Persistence

The model presented in eq. (32) can be used as a base for a new measure of
inflation persistence. In the empirical literature, a common approach for modeling
inflation persistence is to estimate a univariate AR(p) specification, where the sum
of the estimated autoregressive parameters is used to approximate the sluggishness
with which the inflation process responds to macroeconomic shocks and/or apply
unit root tests (see, e.g., Fuhrer and Moore, 1995; Angeloni et al., 2006; Devpura
et al., 2021). In an influential paper, Pivetta and Reis (2007) applied a Bayesian
approach to produce a time-varying measure of inflation persistence. Estimating
the persistence of inflation over time using different measures and procedures is
beyond the scope of this paper.’' In this section, we depart from their study in an
important way, that is, we contribute to the measurement of inflation persistence
over time by taking a different approach to the problem and estimate a DAB-AR
model of inflation dynamics grounded on econometric theory, and we compute
an alternative measure of persistence, that is, the second-order persistence (using
the methodology in Supplementary Appendix I3), which distinguishes between
changes in the dynamics of inflation and its volatility (and their persistence).

As pointed out in the above cited reference, estimates of the inflation persistence
affect the tests of the natural hypothesis neutrality. Therefore, detecting whether
persistence has recently fallen is key in assessing the likelihood of recidivism by
the central bank. In addition, if the central bank feels encouraged to exploit an
illusory inflation-output trade off, the result could be high inflation without any
accompanying output gains. Furthermore, research on dynamic price adjustment
has emphasized the need for theories that generate inflation persistence.

Table 2 presents the within each period time-invariant first- and second-order
measures of persistence for all three periods.

21 pivetta and Reis (2007) applied a Bayesian approach, which explicitly treats the autoregressive parameters as being
stochastically varying and it provides their posterior densities at all points in time. From these, they obtained posterior
densities for the measures of inflation persistence. Such estimates of persistence are forward-looking, since they are
meant to capture the perspective of a policy maker who at a point in time is trying to foresee what the persistence
of inflation will be. They also estimated forward-looking measures of persistence that the applied economist forms
at a point in time, given all the sample until then. Pivetta and Reis (2007) also used an alternative set of estimation
techniques for persistence. They assumed time invariant autoregressive parameters and re-estimated their AR model
on different sub-samples of the data, obtaining median unbiased estimates of persistence for each regression. Finally,
Pivetta and Reis also employed rolling and recursive unit-root tests. In Supplementary Appendix H1, we employ a
number of unit-root tests.
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TABLE 2. Persistence for each of the three periods/models.

First and second-order measures of persistence

Period First-order Second-order
LAR  1/(1-SUM) E(m) So Py(miler)  Var(m)
19640,-1976Q3  0.892 6.493 3.221 7.784 2.692 3.122
197604-19860Q,  0.858 6.135 22313  31.688 3.002 15.881
198603-2018Q;  0.560 0.937 2.679 0.652 1.150 5.365

Note: For each period, n = 1,2,3, we use the six alternative measures to calculate the (within each
period time invariant) first- and second-order persistence.

The first three columns report the three first-order measures of persistence: LAR
(largest autoregressive root), 1/(1 — SUM) (where SUM is the sum of the AR
coefficients), and [E(7;)). For the first two measures, Period 1 yields the highest
persistence. In particular, the persistence (measured by 1/(1 — SUM)) decreases
by 5.5% in the post-1976 period and it decreases further by 85% in the post-1986
period. The mean of inflation, E(7,), increases by 59.3% in the second period, and

it decreases by 88% in the third period. The last three columns of Table 2 report the

. . def
three second-order measures of persistence, that is, S0, Py(m,le,) = Q/,Z:((Zt’)) and

Var(m,); see Supplementary Appendices I1 and 12, and in particular Proposition
I1, to see how the variance is calculated. For two out of the three measures, the
post-1986 period exhibits the lowest persistence, whereas the persistence is the
highest in the second period. The variance of inflation, Var(r;), from 1976 to 1986
is almost five times the variance of inflation of the pre-1976 period and it is almost
three times the variance of the post-1986 period.

The following couple of graphs23 depict the measures P, (7, |e;) and Var(mw,),
reflecting the dynamics of the second-order time-varying inflation persistence.

. Inflation Persistence 5 Inflation Variance

c 0

3 15+

2 10F

1 5k

. . . . . . . . . . . L
0 20 40 60 80 100 120 0 20 40 60 80 100 120

(a) Pa(me|er) (b) Var(m)

Second-Order time-varying Persistence

22Cogley and Sargent (2002) measured persistence by the spectrum at frequency zero, Sp. As an example, for the
2

time invariant AR(2) model, this will be given by Sp = m

23The graphs have been designed and plotted using Mathematica drawing tools.
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In the x-axis, each unit represents a year-quarter starting with 19640, chosen
as the first. In particular, 197603 = 49 (49th year-quarter) and 19860, = 88 (88th
year-quarter). Some key features for the graph of the inflation variance Var(rm;)
are discussed in what follows. (i) In the pre-76 period, the graph is constant:
Var(m;) = 3.122. (ii) Within the post-76 and pre-86 period, the graph increases
abruptly next to the quarter 19760y, but at a decreasing rate, in the end reaching
the highest value Var(mr;) = 15.881. (iii) In the post-86 period, the graph stabilizes
to Var(m,) = 5.365, after an abrupt drop next to the quarter 1986Q;. Analogous
statements can be addressed for the inflation persistence graph P,(m,|e;). As
illustrated above, the main difference between the shapes of the two graphs is due
to the abrupt drop next to the quarter 19760, followed shortly afterward by an
abrupt increase at a decreasing rate. Details of how we construct the graphs are

presented in Supplementary Appendix J.

The following couple of graphs depict the measures P, (77, |&;) LrE@ and E(m;)

. . . @)
for the first-order time-varying persistence.
101 251

8r 20

S

0 20 40 60 80 100 120 0 20 40 60 80 100 120
(a) Pr(meler) (b) E(me)

First-Order time-varying Persistence

In sum, our main conclusion is that for our chosen specification (DAB-AR
model), the preferred measure of persistence, that is, the second-order persistence,
as measured by the P,(m|e;) of inflation, increased considerably from 1976
onward, whereas in the post-1986 period, the persistence falls to even lower levels
than the pre-1976 period. Our results are in line with those in Cogley and Sargent
(2002), who find that the persistence of inflation in the United States rose in the
1970s and remained high during this decade, before starting a gradual decline
from the 1980s to the early 2000s (similar to the results of Brainard and Perry,
2000; Taylor, 2000). Stock and Watson (2002) found no evidence of a change
in persistence in U.S. inflation. However, they found strong evidence of a fall in
volatility. Therefore, their results are in agreement with ours.

8. CONCLUSIONS AND FUTURE WORK

The unified scheme presented in the present paper covers the subclass of stochastic
processes, which belong to the large family of TV-ARMA models endowed with
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a variable drift. In the available literature, the Green function representations of
the second-order properties of this type of model, based on an analogous Wold—
Cramér representation, have been extensively reported. Notwithstanding, they are
not fully explicit due to the lack of an analogous representation of the Green
function. Along these research lines, a theoretical gap emerges between LDEs
with constant coefficients and higher-order TV-LDEs, concerning the explicit
representation of their general solution. Due to the principal determinant rep-
resentation of the Green function, we have filled in the aforesaid gap, which
made it possible to recover and extend the fundamental properties of time-varying
processes, establishing fully explicit representations for them.

Our methodology is a practical tool that can be applied to many dynamic
problems. As an illustration, we constructed an AR specification with abrupt
breaks, which is grounded on econometric theory. The second moment structure of
this construction was employed to obtain a new time-varying measure of second-
order persistence. With the help of a few examples, including smooth transition
AR processes, periodic and cyclical formulations, we have demonstrated how
to encompass various time series processes within our unified framework (see
Supplementary Appendix D).

To summarize, we have identified a lack of an effective and broadly applicable
approach to time-varying models with counterpart nonzero mean. Responding to
this challenge, we explicitly obtain a solution representation of such models for
any sequence of p consecutive prescribed random variables. This enables us to treat
ARMA processes with variable coefficients within a unified scheme, including the
cases of deterministic and stochastic ones. We further obtain a banded Hessenber-
gian representation of their unique Wold—Cramér decomposition, highlighting its
strong connection with their asymptotic stability. We derive the second moments of
these processes along with necessary and sufficient conditions for their existence,
which (in the case of the deterministically varying coefficients) are prerequisites
for the quasi maximum likelihood and central least squares estimation. We also
present conditions for the invertibility of such processes, followed by optimal
linear forecasts based on infinite and finite sets of observations. Finally, a sufficient
condition for their asymptotic efficiency grounded on the boundedness of the mean
square error (see Karanasos et al., 2020) is deduced.

We developed this new technique, which can be applied virtually unchanged
to any “ARMA” environment, that is, to the even larger family of time-varying
models, with ARMA representations (i.e., GARCH type of [or stochastic] volatil-
ity and Markov switching processes). Thus our results can be applied to TV-
GARCH models too, without any significant modifications. This generic frame-
work releases us from the need to work with characteristic polynomials and enables
us to examine a variety of specifications and to solve a number of problems, helping
us to deepen our familiarity with their distinctive features.

The empirical relevance of the theory has been illustrated through an application
to inflation rates. Our estimation results led to the conclusion that U.S. inflation
persistence has been high since 1976, whereas after 1986 the persistence falls to
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even lower levels than the pre-1976 period, a finding which agrees with those of
Brainard and Perry (2000), Taylor (2000), and Cogley and Sargent (2002).

The usefulness of our unified theory is apparent from the fact that it enables us to
analyze an abundance of models and solve a plethora of problems. In addition, an
extension of the methodology developed in this paper enables us to (just to mention
a few consequences) (i) examine in depth infinite-order autoregressions with
either constant or variable coefficients, since it releases us from the need to work
with characteristic polynomials; (ii) obtain the fourth moments of TV-GARCH
models, which themselves follow linear time-varying difference equations of
infinite order, taking advantage of the fact that various GARCH formulations
have weak ARMA representations (see, e.g., Karanasos, 1999); (iii) work out the
fundamental time series properties of time-varying linear VAR systems (since it
can be easily modified and applied to a multivariate setting; see, e.g., Karanasos
et al., 2014b); and (iv) derive explicit formulas for the nonnegativity constraints
and the second moment structure of both constant and time-varying multivariate
GARCH processes (thus extending the results in He and Terdsvirta, 2004; Conrad
and Karanasos, 2010; Karanasos et al., 2022a).

Hallin (1986) applied recurrences in a multivariate context to obtain the Green
matrices (see also Mélard, 2024, and the references therein). Work is at present
continuing on the multivariate case. When this has been completed, one should be
able to apply the methods of this paper to multivariate TV ARMA and GARCH
models without any major alterations. Spectral factorization is another important
problem that can be solved by our new representations.

Some of these research issues are already works in progress, and the rest will be
addressed in future work.

APENDICES

In the appendices, we provide proofs for the statements and formulas reported earlier in the
paper including some supporting material. The standard notation used in the main body of
the paper is followed throughout the appendices.

A. Time-Varying ARMA

In this section, we present an autonomous procedure for the proofs of the statements of
Section 3. The origins of the main tool of our analysis (principal determinant) is based on
the work of Paraskevopoulos (2012, 2014), and discussed in Supplementary Appendix F1.
In particular, we show there how the Hessenbergian representations of the fundamental
solutions and therefore of the Green function are constructed by the infinite Gauss—Jordan
elimination method.

The banded Hessenberg matrix ®; in eq. (4) whose determinant is the so-called
principal determinant is reduced to the well-known banded Toeplitz matrix, when the
coefficients of eq. (1) are constants (see eq. (8)). Compact representations of banded
Hessenbergians, established in Marrero and Tomeo (2012, 2017) and Paraskevopoulos and
Karanasos (2021), can be applied to derive analogous representations for the principal
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determinant. These results endow compact representations to the fundamental properties
of TV-ARMA models, presented in the main body of the paper.

A.1. A Fundamental Set of Solutions

In the literature, a fundamental set of solutions play a crucial role for the solution
representation of linear difference equations with variable coefficients in terms of the Green
function. Their existence is theoretically established by the fundamental theorem of linear
difference equations (see Elaydi, 2005, p. 72). On account of the superposition principle
(see the previously cited reference), the general solution of eq. (7) can be expressed as a
linear combination of the elements of a fundamental set of solutions.

In this subsection, we define the banded Hessenbergian solutions é(’") (t,s)forl<m<p
of eq. (7) (see eqgs. (A.1) and (A.2)) and show that they form a fundamental set of solutions
(Ey). In Section 2.2, we have introduced the principal determinant & (7, s). In this subsection,
we also show that the principal determinant can also be used to generate the remaining p — 1
elements of E; (see Section 3.1). In particular, we derive the formula in eq. (A.3), which
shows that every fundamental solution £ (1 5) can be exclusively expressed in terms of
the principal determinant £(#, s) and the autoregressive coefficients.

In order to save space, we shall interchangeably use the notation ¢ — s and k. We define

the matrix:

N (A1)

[ GG+ - 1
m41(5+2) $1(s+2)

¢1)(S+P+ 1 —m) ¢pfm(S+P+ 1—m)

¢p—] (s+p)

dp(s+p+1D)

Gpt—=1 Gp_1G=1) - Gp_m—=1) - ¢1¢—1 —I
¢p(t) ¢p+1777z(t) $ (1) d’l(l)_

d)gf;l) for m > 2, is derived from ®; ; (see eq. (4)), by replacing its first column with the
column vector:

(GmGs+1D,  Pur1(s+2), ... pls+p+l—m), 0, ..., 0).

In other words, each matrix in the sequence {<I>§‘r:,’)}1§m5p, differs from any other matrix

in this sequence only in the first column. Formally, <I>§"§’) is a banded Hessenberg matrix of
order k =t —s. The principal matrix ®; ¢ (resp. principal determinant £(¢,s)) is identified
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with <I>£IS) (resp. £ (D (1,5)). For notational convenience, we will interchangeably use <I>£]S)
(resp. é(l)(t,s)) in place of ®;  (resp. £(t,5)).
The sequences {& (m) (& 9)}> s—p+1 for 1 < m < p, that is, the elements of the set E, are

defined by

det(®"), if 1>,
£ (1,5) = 1, ifr=s+1-m, (A.2)
0, ifs+1—p<t<sandt#s+1—m.

Applying eq. (A.2) with s = ¢ — 1, we conclude that S(’”) (t,t—1) = m(0).
In Lemma A1(i) (resp. (ii)), we give the cofactors of the elements of the first column
(resp. last row) of d>,f:f) (see, for a proof, Paraskevopoulos and Karanasos, 2021, Lem. 1).

(m)

1,5

LeEMMA Al. i) The cofactor of the coefficient ¢y (s+ 1+ n) in the first column of ®
coincides with €(t,s +1+n) forn=0,...p —m.

ii) The cofactor of the coefficient ¢y (1), in the last row of Q%), coincides with £ (1 —
n,s), n=1,...p.

The following proposition is a direct consequence of Lemma A1 (for further details, see
the previously cited reference).

ProposITION Al. i) The cofactor expansion of & ) (1, 5) along the first column of <I>£'§')
is given by
p+l—-m
M) = D PmorgrsH0EES D), (A.3)
r=1
which coincides with the expression of & ) (1, 5) in eq. (9).
ii) The cofactor expansion of & ) (1, 5) along the last row of <I>§f'? gives
p
M (s) =) gn(E™ (1 —n.s). (A4)

n=1
Eq. (A.4) entails that the sequence E(m) (t,5),t > s+ 1—pis the solution of eq. (7) under
the initial values & ™ (s+1—m,s) = 1 and €™ (s+ 1 —n,s) = 0, whenever n = 1,2, ...,p
and n # m (for a proof, see Paraskevopoulos and Karanasos, 2021, Prop. 2). The linear
independence of the p solution sequences é(’”) (t,8),t>s+1—p, for 1 <m <p,is verified
in the following proposition.
PROPOSITION A2. For any arbitrary but fixed s € Z, the set

=1V 15.62s),...6P@s), t>s+1—p}

is a fundamental set of solutions associated with eq. (7).
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Proof. For each fixed s, consider the sequence matrices in ¢ associated with the set Eg:

eD (s £@D,s) P (1,5)
eMi—1,5 EDu—15 .. EPu—1,
Eys=
E(l)(t—i—.l—p,s) 5(2)(t+.l—p,s) E@)(t—i—.l—p,s)

—

The definition in eq. (A.2) entails that the matrix Z ; is the identity matrix of order p.
Therefore, By is |E4,5| = 1 # 0. It turns out that |Z; s| # 0 for all ¢ > s and the set Ey is
linearly independent (see Elaydi, 2005, Cor. 2.14. p. 69). Moreover, as the dimension of
the homogeneous solution space of eq. (7) is p, the set Ey is a fundamental set of solutions
associated with eq. (7). O

Z; s is known as the Casorati matrix associated with the fundamental solution set Eg,
that is, E, s coincides with the product of companion matrices, first expressed in a fully
explicit form in earlier versions of the paper (see, e.g., Karanasos et al., 2020). This matrix
form plays a central role both in the explicit representation of the Green function (see
Paraskevopoulos and Karanasos, 2021) as well as in the explicit solution representation
in the vector case, as illustrated in Supplementary Appendix F3.

A.2. Homogeneous and Particular Solutions

The following proposition provides an expression of the homogeneous solution as a linear
combination of the fundamental solutions, the coefficients of which are the initial condition
values.

PrOPOSITION A3. The solution of eq. (7), taking on the prescribed initial values
{)’s+l—m}0§m§p) is given by eq. (10).

Proof. As Ey, defined in Proposition A2, is a fundamental set of solutions, every solution

of eq. (7) can be expressed as yff‘;m = [,; :lamé(’") (t,5). Fixing the initial values at

Vs41—m = Cm, for m = 1,2, ..., p, it remains to show that ¢;; = ay; forallm: 1 <m < p.
Taking into account that

EM(s+1—ms)=1 and €™ (s+1—r,5) =0, whenever | <r <pandr #m,
for each m such that 1 < m < p, we have
p
Cm = Ys+1—m ZY?i"f_m,S = Zaré(r)(s‘f‘ L—r,s) :amg(m)(s"‘ L —m,s) = am.
r=1

This completes the proof of Proposition A3. g

Recalling that v, = ¢(r) + u,, the following proposition provides a particular solution of
eq. (3).
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PROPOSITION A4. The expression of yf l;r in eq. (12) is a particular solution of eq. (3)
taking on zero initial values, that is, ygy1—; =0 for 1 <i <p and it can be expressed as a
single Hessenbergian:

0y = (A.5)

Us+1 -1

Usy2 $165+2)

Us+p+1—m Sp—m(s+p+1—m)

Us+p Pp—1(+p)

Usp+1 op(s+p+1)

v Bpa=1) B t=1) o =1 - ppa=1) -l
u #p®) e bplem® e B0

Proof. Let us call y;’j s the determinant on the right-hand side of eq. (A.5). In order to

show that t";r = £‘=s 1

show the following statements: (i) y;f s solves eq. (3), (ii) tf;r = yZ s> and (iii) the solution

E(t,r)uy solves eq. (3) subject to zero initial values, it suffices to

yf, ir holds for zero initial conditions, that is, whenever ys41_,, =0 forall 1 <m <p. In
what follows, we sketch the main steps for the proof of the abovementioned statements (for
further details, see Paraskevopoulos and Karanasos, 2021).

i) Working with elementary properties of determinants (similarly to the argument in
Lemma A1(ii)), we first give the cofactors of the elements occupying the last row of the
determinant y;' ;. At this aim, we consider the following two cases:

i;) The cofactor of v, for the determinant y;f 518 y; s=1
ip) The remaining nonzero entries of the last row of y¥ ; are the AR coefficients ¢, ()
for 1 <m < p, each of which has y;_,, , as its cofactor.

The cofactor expansion of y;’j s along the last row gives

14
Y=Y dmOY s+ ur.

m=1
This shows that y;'j ¢ satisfies eq. (3).

ii) Working along the first column of y?j s» the cofactor of vgy;is (¢, s+i) for 1 <i <k.
Thus, the cofactor expansion of yZ s along the first column yields

t
ar
Yis= Y Etnur=yY,

r=s+1

as required.
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iii) Having proved eq. (A.5) in (if), we apply it fort = s+r, r = 1,...,p to get

r—1
+rs Z¢m(5+r)yp+r m,s T Us+r-

m=1

We can write
i—1

s =D (s + DY st Z¢m(s+z>yv+, -

m=1 m=i

whenever

p
Z Om(s+D)Ysti—m =0,

m=i

forall i,msuch that 1 <i<m <p. Since s+i—m < s forany i,msuchthat 1 <i<m <p,
it follows that ys;_,, are initial condition values. The latter equation can be expressed as

dp(s+p) 0 0 0 yyfl 8
¢p—1(5.+17—1) ¢p(S+.P—1) 0 0 yz:z _ o ’
b1(s+1) G+ g6+ . ppls+1) (:)

s+1-p

which is a triangular linear system with nonzero elements in the main diagonal and therefore
nonsingular. It follows directly that {ys11—p =0,...,ys = 0} is a solution. Moreover, since
the system is nonsingular, the solution is unique. Finally, expanding the determinant in eq.
(A.5) along the first column, the expression in eq. (12) follows immediately. (]

A.3. Decomposition

In this subsection, we prove Proposition 1, which provides the reported decomposition of
the innovation part of eq. (1).

Proof of Proposition 1. Let us write u, in eq. (1) as u, = Z[q—o 0;(r)e,-—, provided that

6o (r) 1 for all 7. The left side of eq. (15) can be expressed as

Z E(t )y = Z £, r)Zez(r)er I—Z Z ENOI(rE_|

r=s+1 r=s+1 [=0r=s+1
= Z S(t,r)Qo(r)SH—Z Z E(,NOI(r)e, 1.
r=s+1 =1 r=s+1
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Splitting the second double sum in the right-hand side of the above equation into two parts,
it takes the form

t t q s+l
Do E@nu= ) EGNME+Y D EENO(IE
r=s+1 r=s+1 I=1r=s+1
q t
+Y0 > EEnO(E. (A.6)

=1 r=s+1+I

As the extended definition of £(z, s) in eq. (6) entails that £(¢,r 4 1) = 0, whenever r 41 > ¢
(or r > t—1), the second sum in the last double sum of eq. (A.6) can be rewritten as

t t—1 t
Y. E@NOE 1= Y EGr+DOr+Der= Y EWr+DOi(r+Dsy.
r=s+1+1 r=s+1 r=s+1

Substituting the above sum into eq. (A.6), we get

t t q t
S Ewnu= Y E@NO(E+Y | D ECr+DO(r+De,

r=s+1 r=s+1 =1 r=s+1
q s+l
+Y° 3 E@noE .
I=1r=s+1

or equivalently

t q t q s+l
Do EGDur=)" Y EGr+DOr+Der+Y | Y EGLNO(DE—. (A7)
r=s+1 =0 r=s+1 I=1r=s+1

Using the definition of &4(z,7) in eq. (13), eq. (A.7) can be rewritten as

t t q s+l
Do E@u = ) EWne+Yy Y E@GNO(E . (A.8)
r=s+1 r=s+1 I=1r=s+1

By expanding the double sum in eq. (A.8), we have

q s+l

Yo Y EwNO(E

I=1r=s+1
=&, s+ 1)01(s+ Deg+E(t,s+2)02(s+2)es +E(t, s+ DO (s+ 1)eg_1
=1, r=s+1 1=2, r=s+1,5+2
+&(t,s+3)03(s+3)es +E(t,5s+2)03(s+2)e5—1 +&(t,s+1)03(s+ 1)eg_n +---
=3, r=s+1,5+2,5+3
+EW s+ q)0g(s+qes+ - +E( s+ DOg(s+ Desy1—g-

I=q, r=s+1,542,...,s s+q
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By rearranging terms, we can rewrite the latter double sum as

q s+l

DY Ewno(E

I=1r=s+1
=[5 s+ DO (s+ D) +E(1s+2)02(s+2) +--- + 55+ 904 (s +q)es

S & s DO (s+Des
+ [Es+ DO s+ D+ +Ets+q— DOg(s+q— Dleg_1 +---

q
S E(ts—14D0)(s—1+Deg—
1=2

+ S(t,s+1)9q(s+l)ss+1,q

q
Y E(t sH1—g+DO(s+H1—g+Degr1 -
I=q

s q
= Y > E@r+no(r+De. (A.9)

r=s+1—q l=s+1-r
Therefore, substituting the result of eq. (A.9) back into eq. (A.8), we obtain the expression
t t N q
doEwnur= Y Ere+ Y. Y E@r+Dor+Der. (A.10)
r=s+1 r=s+1 r=s+1—ql=s+1—r

Substituting the defining formula of & 4(¢,7) (see eq. (14)) into eq. (A.10), the latter takes

the form
t t s
Z §(t,ruy = Z Eq(l,r)er—l— Z %'s,q(t,r)gr,
r=s+1 r=s+1 r=s+1—q
that is, eq. (15), as required. O

B. Second-Order Structure

In this section, we show the Cramér—Wold decomposition of DTV-ARMA(p, g) processes
along with their second-order properties, reported in Section 4.1.

B.1. Wold-Cramér Decomposition

In Lemma B1 and Proposition B1 below, we provide some essential statements for the
proof of the main results of this subsection given by Theorems 2 and 3. We remark that,
for each fixed r € Z, the deterministic drift ¢(¢) along with the coefficients ¢, () and
0;(¢) are constants in R, since they are values of corresponding functions, while &, yy, us
are all random variables. Since the results valid for the process y; under the conditions of
Theorem 3 are more general, they are also valid for the process y; under the conditions of
Theorem 2.
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LEMMA B1. Let the condition (17) and the boundedness of the MA coefficients hold. Then
the following statements hold true:

i) Y o1&t < oo forallt.
il) Assuming in addition that the drift is a bounded real valued function in t € Z, then
the first infinite sum of y; in eq. (18a) converges in R and its expectation is

t t
E( Y £@ne®)= Y E@ne() €R (fnite) forall t € Z.

r=—00 r=—00

iii) Recalling that v, = @(r) + u, (see eq. (2)), we have E(v,) = ¢(r). Additionally, if
the drift is a bounded real-valued function in t € Z, then {v,} is a bounded process
in Ly, that is, sup,IE(vrz) <V <ooforVeR.y.

A proof of Lemma B1 is deferred to Supplementary Appendix F2.1. As the absolute
summability implies square summability, Corollary B1 below follows directly.

COROLLARY B1. If the conditions of Lemma Bl hold, then

'
Z S;(z, r) < oo forall t€Z. (B.1)

r=—00

In the next proposition, we present some results, which support the statements reported
in Section 4.1 including those involved in the proof of Theorem 2. These results are sup-
plemented by Proposition F.1 in Supplementary Appendix F2.2, including those involved
in the proof of Theorem 3. Remark F.1 in Supplementary Appendix F2.2 summarizes
some well-known results used in the proofs of Proposition B1 and Theorem 3 below. The
uncorrelatedness assumption (see Section 2) entails that {eg, s < t} is an orthogonal basis of

./\/lt(&).

PrROPOSITION B1. Let e, = &/||&y| |Zzl. The following statements hold true:
i) Ifzt=_oo sg(t, r)oz(r) < 00, then e; = {ey}r<; is an orthonormal basis of M, (&) and
the Fourier representation of z; in terms of e; is given by Ztrz_oo &q(t,r)o (r)ey with

t
EGH = Y. &tNo>().

r=—00

Moreover, for every arbitrary but fixed t € Z, the process z; = Zi:
M(e) ifand only if Y, &2(t,r)0 % (r) < oo,

i) LetO<m < az(t) <M < oo forallt. Then the weaker condition in eq. (B.1), compared
to the above condition in (i) is necessary and sufficient for 7; to exist in M;(¢).

iii) If the conditions of Theorem 3 hold, then z; also exists in My (e) and E(z;) = 0 for
all t. The unconditional variance of the processes y; in eq. (20a) is given by eq. (21b).

iv) If the conditions of Theorem 2 hold, the process y; in eq. (18a) can be rewritten as
YVt =2 r—_oo &t )y and its unconditional mean can be explicitly expressed by eq. (21a).

V) Both processes in eqs. (18a) and (20a) have the same unconditional variance given in
eq. (21b), which also coincides with the unconditional variance of z;.

o0 §q(t,7)er exists in
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Proof. i) Since E(alz) = az(t) > 0, it turns out that |||z, # O for all z, whence &; # 0.

0, ifr#j

1, ifr=; d

By the definition of e;, we infer ||e/||z, = 1. It follows that E(ere;) = {

e; = {e;}r<; also spans M, (¢). Taking into account that a closed linear subspace of a Hilbert
space is a separable Hilbert space, we conclude that the sequence e; is an orthonormal basis
of M;(e). On account of

§qt,r)er = |lerll, 4t ey = o (é4(t,1)ey,
it follows directly that z; can be rewritten as

t

a= Yy o(Etrer

r=—00

Thereby o (r)§,(¢,r) are the unique Fourier coefficients of the representation of z; in terms
of the orthonormal basis e;. Accordingly, ||z,||1242 = E(z%) = tr:_oo éqz(t, r)az(r). The
equivalence

'
7t € Mi(e) < Z S(%(t, r)az(r) <00

r=—00

follows immediately (see Remark F.1 in Supplementary Appendix F).
ii) Sufficiency: The following implications show that the condition in (B.1) is sufficient
for z; € M;(¢e):

t t
Y &) <oo = M Y £5(tr)<oo
r=—00 r=—00
t

t
= Y ofMEEr< Y MEStY) < oo

r=—00 r=—00

= 7 € My(e).

Necessity: AsO <m < crz(r) for all r with r < 1, the following implications hold:

1
GeMi(e) = E@) = Y £2(tr)o’(r) <oo

r=—00

1 t
= m Y Een< Y EXtroi(r) < oo

r=—00 r=—00

On account of m # 0, it follows from m Ztr:_oo 53 (t,r) < oo that %(m Z[:_oo 53 t,r) <

00, that is, Zl=fooé(3(t’ r) < 00, as required.
iii) As the absolute summability implies square summability (see Corollary B1), z; also
exists in M;(¢e) for all ¢+ € Z. Moreover, as the absolute summability is sufficient for
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switching expectation with infinite summation, on account of E(e;) = 0 for all ¢ € Z, the
first-order moment of z; follows from

t t
E(Zz)=E< > sqa,r)er) = Y &NE@E)=0.
r=—00

r=—00

Moreover, the expression of the unconditional variance and of the second-order moment of
7z coincides and therefore, by statement (i), is given by

t
Var(z) =E@) = Y &t

r=—00

iv) Asr+I>tforall ,rsuchthatl </<gandr—I+1 <r <t,itfollowsthat&(z,r+1) =0.
In the case, when [ = 0, it follows that Ztr:t+1 EGr+D0(r+her = Ztr:z+1 Et,r)e,=0
too. Therefore, we conclude that

q t
S E@r+Dor+De,=0. (B.2)

=0 r=t—I+1

Call §; = sup, |0;(I+r)| € R for each [ = 1,...,¢q. In what follows, we shall use the
notation: ® = maxp<j<40;. As the absolute summability condition in (17) implies that

tr:_oo |E(t,r+1)| < oo (see eq. (F.3) in Supplementary Appendix F2.1), we conclude
that

t t
> DO+ <O D [Er+D] < oo

r=—00 r=-=00

Starting with the definition of &4(z,7) in eq. (13), the following chain of equalities holds:

t 1 q
a= Y &tre = Y Y E@r+Do(r+De
r=—00 r=—00 [=0
qg t
(switching summation) = Z Z E(t,r+DOi(r+Dey
=0 r=—00
q t—I
(spliting summation) = Z Z Et,r+DO0i(r+Dey
[=0r=—00
q t
+Y° 3 Er+Dor+Der
=0 r=t—I+1
q t—I
(removing zero terms, = Z Z E(t,r+DOi(r+Dey
[=0r=—00
see eq. (B.2))
qg t
(changing the summation = Z Z ENOI(re—;
[=0r=—00

limits)
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t q
(switching summation) = Z ZE(L ro(r)e,—;
r=—00[=0
t
(by definition of uy) = Y &tr)up.
r=—00

The above results are summarized by

t
a= Y E@rur (inLy). (B.3)

r=—00

Let us call x; = 21,:700 E(t,r)uy. It follows from eq. (B.3) that

t t t t
=Yy Etnve= Y EGneM) tu)= Y Etren)+ Y &t

r=—00 r=—00 r=—00

t t
= Y E@neM+ Y Etre =y (inLy).

r=—00 r=—00

It turns out that y; = x; in Ly, as claimed. Finally, as E(z;) = 0, taking the expectations on
both sides of eq. (18a), on account of the infinite sum convergence in Lemma B1(ii), the
unconditional expectation of y; in eq. (21a) follows.

(v) As the y;s either in eq. (18a) or in eq. (20a) differ from z; in [E(y;), the unconditional
variances of y;s are identical with Var(z;). Hence, eq. (21b) follows. This completes the
proof of the proposition. g

Proof of Theorem 2. Under the conditions of Theorem 2, we have established in
Lemma B1(ii) and Proposition B1(iii) the existence of both terms of y; in eq. (18a),
respectively. It remains to be shown that the process y; in eq. (18a) is (i) a solution of eq.
(1), (ii) asymptotically stable, and (iii) unique.

i) The compact representation of y;, that is, y; = tr:_oo

—m

&(t,r)vuy, is used to show that

{y+} solves eq. (1). Applying the expression y;—,; = E(t—m,r)vform=0,1,...,p

r=—00
to eq. (3), it suffices to show that
t P t—m
Do EGHU =Y dm® Y Et—mrvrtuy. (B4)
r=—00 m=1 r=—00

Let p = 1. Applying eq. (A.4) for p = m = 1, it takes the form &(z,7) = ¢ ()E(r — 1,7).
Starting with the right-hand side of eq. (B.4), we have

t—1 t—1
b1 Y Ea—Lvtu= Y (S@0EC—1.0)ur+1 )
r=—0o0 r=—00

t—1

= Z Et, U +E DY

t
= ) E@nu,
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as required. It remains to establish that eq. (B.4) holds forp > 2. If r—m+1 <r<t—1
and 2 < m < p, then r > t —m, which implies that £(t —m,r) = 0. Moreover, if m = 1, it
follows that Zi;lt GOm()E(t —m,r)vr = 0. Therefore, we conclude that

P t—1
Yo mEC—m v, =0. (B.5)

m=1r=t—m+1

The following equalities hold:

Z¢m(t> Z Et—m.r)vy = Z Z Gm(DE(t—m, r)vy

m=1r=—
P tm

(adding some zero terms, = Z Z Om(®E( —m,r)vy

m=1r=—o0

t—1
+Y D ¢m®EC—m vy

see eq. (B.5)) m=1r=t—m+1

p
(condensed sum) = Z Z dm(OE(t—m,r)vy,
m=1r=—00
t—1 p
(switching summation) = Z Z Gm(E(—m,r) | vy

r=—o0 \im=1

t—1
(applying eq. (A4) form=1) = Z Et,r)vy = Z E(t,r)ur — vy,

r=—00 r=—00

This shows that eq. (B.4) holds (in L, sense), as required.

ii) Taking into account that yh‘”” =y — )f ‘;r and that the solution process y; in eq. (18a)
can be equivalently expressed as
ye= lim ¢

§—>—00

(see eq. (18b)), the following equivalences hold:

. ar . ar
yi= lim ¢ & lim |y, —5 1, =0
§—>—00 §—>—00

— lim ||yf'0m||L2=0<=> lim y””m Ly,
§—>—00

that is, {y} is asymptotically stable, as required.

iii) Let {x;} be an asymptotically stable stochastic process in Ly, which solves eq. (1).
Then we shall show that x; coincides with y; in eq. (18a) for all 7. In view of eq. (16), we
can write x; in a more condensed form as

p t
Xt = Z éf(m) (&) Xs1—m + Z &)y,

m=1 r=s+1
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for each t,s with s < ¢. Thus,

t p

= Y &l =11 ™ (5% 1—mll, forall s:s <. (B.6)
r=s+1 m=1

Taking into account that xﬁf@m = an 1 £ (1,5)xg41—pm, it follows from the asymptotic

stability assumption on {x;} that limg—, _c || an:l £ (£,5)xg1 1 |z, =0. Thus, taking

the limits to both sides of eq. (B.6) as s — —o0, it follows that

t
lim ||x; — t, =0,
dim = Y @i,
r=s+1

§

that is, limg— —00 Yh_ 1 E(t,r)Ur = x; or equivalently Y7 E(t,r)ur = x; in Ly.

Proposition B1(iv) entails that y; = Z’rzfoo &(t,r)vuy, whence x; = y; in Ly, as asserted.
This completes the proof of the theorem. (|

COROLLARY B2. Let the conditions of Theorem 2 hold. Then the last summation in eq.
(16) tends to zero in Ly, as s — —oo, that is,

N
. Ly
lim E t,r)e, = 0.
s 0 ";:s,q( er
r=s+1—q

A proof of Corollary B2 is a combination of egs. (15) and (B.3) (see Supplementary
Appendix F2.1).

Proof of Theorem 3. Let {1/} be any estimated first moment solution process generated
by eq. (19b) and {y;} be defined by eq. (20a). Recalling that z; = y; — E(y;), we shall show
that (i) the first moment of y; is E(y;) = u; for all ¢, (ii) {y;} is second order, (iii) {y;} solves
eq. (1), and (iv) {y;} is unique.

i) It follows from Zt —_008q(t,7) < 00 (see Lemma B1(i)) that the expectation operator,
[E, commutes with infinite summation. Use the latter result along with the linearity of IE and
the fact that E(¢,) = 0 to conclude that

t
EG)= Y &(tNE(e)=0.

r=—00

Apply E to both sides of eq. (20a) to conclude that E(y;) = u¢, as required.

ii) As {us} is deterministic and z; € M;(g) C Ly (see Proposition F.1(ii) in Supplementary
Appendix F2.2), it follows that y; € L.

iii) It is established in Proposition F.1(ii) that {z;} solves eq. (19a). Since {E(y;)} solves
eq. (19b), it follows from Proposition F.1(i) that {y;} in eq. (20a) solves eq. (1).

iv) To see the uniqueness of {y;}, consider any other second-order process, say {y;},
which solves eq. (1) with E(y}) = ;. It follows from Proposition F.1(i) that {y} —E(y})} is
amean-zero process which solves eq. (19a). Moreover, it follows from the uniqueness of {z;}
(see Proposition F.1(ii)), that y; — E(y}) = z;. Taking into account that E(y}) = us = E(y;),
we conclude that y; = E(y;) + z;, which coincides with y; (in the L, sense). This completes
the proof of Theorem 3. (]
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Any second-order solution process of eq. (1) can be expressed as y; = E(y;) + z;, where
7t € M;(g). As the inner product (z;, E(v;)) = E(z: E(yr)) = E(y;)E(z;) =0, it follows that
yi—z=EQr) € MtL(E)‘

B.2. Unconditional Moments

In this subsection, we give a proof for the existence of the first and second unconditional
moments, described in Proposition 2, completed by the logical implications that render the
associated diagrams commutative.

Proof of Proposition 2. The explicit form for the first unconditional moment of y; in eq.
(18a) has already been proven in Lemma B 1(ii). Moreover, the unconditional variance of y;
is shown in Proposition B1(iii). The expressions of the two unconditional moments imply
the existence of the following limits limy—, — o0 &(1,5)¢(s) = 0 and lims— o £2(1,5)0(s) =
0, respectively, which, in turn, are necessary conditions for the existence of these moments.
Finally, in order to show that the associated diagrams commute, it remains to verify the
following implications:

lim &(,s5)p(s)=0
/ §—>—00
t

Z |E(t,r)| <oo=  lim £&(t,5)=0 forall z € Z.
S—>—00

r=—00
Ny
lim_&£2(t,5)0%(s) =0
§—>—00
B.7)

The first implication in the diagram (B.7) is well known. As the product of a null
sequence (£(t,s))s times a bounded sequence ¢(s) is also a null sequence, the upper branch
implication in diagram (B.7) follows. As 6;(¢) are bounded, it follows that |&,(z,7)| <

@Z?:O |&(t,7 + D], for some © € Rx( (see eq. (F.2) in Supplementary Appendix F2.1).
Therefore, the following implications hold:

lim £(t.5)=0 = lim_£X(t.5)=0 = lim M&2(1,s) =0forallt € Z,
§—>—00 §—>—00 §——00
where M is an upper bound of o2(1). It follows from the squeeze theorem that
0< lim £2(ts)o%(s) < lim_ MEZ(t.5) =0.
§—>—00 §—>—00

The latter establishes the lower branch implication in diagram (B.7) and the proof is
complete. O

B.3. Autocovariance Function

We recall the following result. The inner product of X, Y € L is

(X,Y) = E(X Y) = Cov(X,Y) — E(X)E(Y).
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Under the conditions of Theorem 3, y; = E(ys) + z; is the second-order solution process
of eq. (1). Taking into account that [E(y;) has no impact upon variances and covariances, it
follows from E(z;)E(z;,_¢) = O that the autocovariance function of y; can be rewritten as

v1(€) = Cov(yr,y1—¢) = Cov(zs,20—¢) = E(z1z1—0)-

Proof of Proposition 3. As Z}Zi 0o 1&gt )| < 00, it follows that z; and z,_g exist in
L,. First step: The uncorrelatedness of ¢; implies E(sjer) =0, whenever —oco <r <t—/¢
and j >t — £+ 1, since j # r. Thereby,

1t t—¢ t
E(w > squ,j)s,-): Yo > EUu—nE L )EEE) =0. (B.8)
j=t—L0+1 r=—00j=t—{+1

Second step: The following chain of equalities holds:
t—0  t—¢

t—¢
E(.Z Eq(t.))ej z,_e) =E< D &g — ) e»)

J=—00 Jj=—00r=—00
t—¢  t—¢
(switch twice expectation = Z Z Eq(t.)EG(t— €, nE(ej &r)
j:—oo r=—00
with infinite summation)
t—¢
(uncorrelatedness) = Z Eq(t,n)éq(1—¢, r)E(s%)
r=—00
t—4
(model assumption) = Z Eq(1,NE4(t— L, No2(r). (B.9)

r=—00

Third step: The formula in eq. (22) is a result of the following chain of equalities:

'
7i(0) =E(z z1—¢) = E( Z §q(1.))Ej Zz—l)

Jj=—00

— t
(spliting summation) = E ( Z &gt )ej+ Z Eq(t,j)ej) Zi—¢

j=—00 j=t—l+1
t—( t
(distributive law) = ]E( Z Eq(t.))ej zp—o + Z §q(t.))¢; Zz%)
Jj=—00 Jj=t—{+1
t—{
(by eq. (B.8)) = E( 3 &t zl_e>
Jj=—00
t—{
(by eq. (B.9)) = Z &q(1, r)Sq(t—Z,r)(r2(r).
r=—00
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Let C; = tr:_oo |&4(2,1)]. Since C; < oo for all 7, we have

t—¢ t—{
@1 < Y 1EgtnEt— 6l () <M Y gt IEg(t—£,1)]
r=—00 r=—00
t t—L
<MY gD Y [t =€) MGGy < oo,

Jj=—00 r=—00

Thus, y¢(€) exists in R.

Finally, for each fixed ¢, on account of limy_, oo C;—y =limy_, o er;{oo |Eg(t—¢€, 1) =
0, we have limy_, o |y (€)| < limy_, oo MC;Cy—; = 0 for all ¢ € Z. This completes the proof
of Proposition 3. 0

C. Stochastic Coefficients

The proofs of Propositions 5 and 6 and Theorem 5 are omitted, as they are similar to those
presented for the deterministically varying coefficient case.

Proof of Theorem 6. The two summability conditions in (29) must hold for all integers 7.
Since all the AR coefficients are strictly stationary, the principal determinant is strictly
stationary, and, therefore, the left-hand sides of the two aforementioned conditions do not
change when we subtract (¢ — r) from each index (see also Andél, 1991). O

SUPPLEMENTARY MATERIAL

The supplementary material for this article can be found at https://doi.org/10.1017/
S0266466624000306.
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